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Hi 

Am BENNY VARGHESE PGT MATHEMATICS JNV PATHANAMTHITTA KERALA 

My collection of Maths Olympiad Materials is given below :  

 

The syllabus for Mathematical Olympiad (regional, national and international) is pre-degree college 
mathematics. The areas covered are arithmetic of integers, geometry, quadratic equations and expressions, 
trigonometry, co-ordinate geometry, system of linear equations, permutations and combination, 
factorization of polynomial, inequalities, elementary combinatorics, probability theory and number theory, 
finite series and complex numbers and elementary graph theory. The syllabus does not include calculus and 
statistics. The major areas from which problems are given are algebra, combinatorics, geometry and 
number theory . The syllabus is in a sense spread over Class XI to Class XII levels, but the problems under 
each topic involve high level of difficulty and sophistication. The difficulty level increases from RMO to 
INMO to IMO. 
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�3�U�R�J�U�D�P�P�H��������������������  

Queries  regarding  PRMO may be sent  by email  to  prmo@hbcse.tifr.res.in.  Queries  will  not  
be replied  to  individually,  but  via  the FAQ section  on this  website.  

Important  Information  concerning  the Mathematics  Olympiad  
Programme:  

1. The National  Board  for  Higher  Mathematics  (NBHM) which  is  in  charge  of  the mathematical  
olympiad  activity,  has entrusted  its  implementation  to  the Homi  Bhabha Centre  for  Science  
Education  (HBCSE) to  be carried  out  in  coordination  with  the MO-Cell  and the National  
Coordinator  appointed  by NBHM, supervised  by a Committee  constituted  by NBHM. All  major  
policy  decisions  with  regard  to  the Mathematical  Olympiads  programme  are made with  the 
concurrence  of  NBHM. The following  MAJOR changes  are announced  this  year.  

2. A pre-Regional  Mathematical  Olympiad  (PRMO) exam will  be held  on August  20, 2017 at 
different  centres  all  over  India.  In order  to  be eligible  for  the RMO it  is  mandatory  that  
students  qualify  through  this  centrally  administered  PRMO. No other  independently  
administered  examinations  will  be recognized  from  this  year  onwards.  

3. Eligibility:  All  Indian  students  who  are born  on or  after  August  1, 1998 and,  in  addition,  are 
in  Class  XI or  below  are eligible  to  appear  for  the PRMO 2017. 

4. The PRMO will  be a machine -correctable  test  of  30 questions.  Each question  has an answer  
which  is  a number  with  one or  two  digits.  Sample  PRMO questions  and Sample  OMR sheet  
showing  marked  answers  can be downloaded  from  here.  

5. The PRMO exam will  be organized  this  year  by IAPT (the Indian  Association  of  Physics  
Teachers),  the same association  that  also  organizes  the National  Standards  Examination,  
which  is  the first  step  for  participation  in  the International  Physics,  Chemistry,  Biology,  
Astronomy  and Junior  Science  olympiads.  The website  for  PRMO is  available  
at http://www.iapt.org.in/  

http://olympiads.hbcse.tifr.res.in/how-to-prepare/past-papers/


6. A link  to  a portal  is  available  at the IAPT webpage  where  schools  can register  as centres;  
this  portal  will  be open  from  May 20 to  June  20, 2017. Any  school  with  at least  5 registrations  
can register  on the portal  as a �³�U�H�J�L�V�W�H�U�H�G �F�H�Q�W�U�H�´�� However,  the  list  of  approved  exam 
centres  will  be issued  by IAPT. Students  who  register  through  a given  school  which  is  a 
registered  centre  may be re-assigned  to  another  nearby  exam centre.   

7. All  Kendriya  Vidyalaya,  Jawahar  Navodaya  Vidyalaya  and Atomic  Energy  Central  Schools  
may register  as registered  centres  regardless  of  the number  of  students.  

8. The list  of  registered  centres  will  be available  on the IAPT website  from  June  20, 2017. 
9. Students  can approach  one of  the approved  registered  centres  and through  the centre  

register  for  the PRMO exam between  June  20 and July  25, 2017 for  a fee of Rs. 200. Kendriya  
Vidyalaya  Sangathan  has made its  schools  available  as centres  free of  cost;  for  KV students  
there  is  a provision  to  register  with  payment  of  a fee of  Rs. 100.  

10. A carbon  copy  of  the answersheet  (OMR) will  be given  to  the student  after  the exam;  students  
can check  their  answer s as against  the answers  which  will  be uploaded  on the HBCSE 
website.  

11. The top  300 students  from  each region  will  be eligible  to  write  the Regional  Mathematics  
Olympiad  exam. For  the KV, CBSE, JNV schools  which  have a countrywide  coverage,  the 
number  to  be selected  is  upto  5 per  cent  of  the number  of  registrations  or  300. 

12. Each regional  co-ordinator  (including  the co-ordinators  for  the groups  KV, CBSE and JNV) 
will  receive  the list  of  students  eligible  to  write  RMO by September  15th.  Each Regional  Co-
ordinato r shall  conduct  the RMO in  her/his  region  on October  8th, 2017. 

13. Based  on the RMO exam, the final  list  of  30 top  students  plus  the next  5 girl  students  will  be 
sent  by each regional  co-ordinator  to  HBCSE by November  30, 2017. This  should  be done  
after  compl eting  re-evaluation  (provision  for  which  is  mandatory).  

14. HBCSE will  announce  the list  of  students  eligible  to  appear  for  INMO 2018 from  all  regions  
by December  07, 2017. 

15. The INMO exam will  be held  on January  21, 2018 and will  be conducted  by each regional  co-
ordinator  and the papers  sent  to  HBCSE. 

16. The regional  co-ordinators  will  be sent  brochures/posters  and will  be requested  to  advertise  
the information  on their  webpages  or  homepages.  As there  are major  changes,  students  will  
be unaware  of  these  and the sup port  of  Regional  co-ordinators  in  this  regard  is  crucial.  

17. This  is  a preliminary  announcement  and more  details  will  be announced  and communicated  
to  all  regional  co-ordinators  in  the next  few days.  Regional  co-ordinators  are requested  to 
circulate  the annou ncement  and the weblink  widely.  

The center registration and student enrollment for all National Standard Examinations will start from 
August 15th on wards. This year poster and brochure will be available shortly. For details as of now please 
refer to last years students brochure. 

 

ANNOUNCEMENT FOR PRE RMO 

 

IAPT in association with National Board for Higher Mathematics (NBHM) is happy to announce the 
first ever Pre Regional Mathematics Olympiad PRMO as the first selection examination for the team to 
represent India in International Mathematics Olympiad. For information  

please visit  http://olympiads.hbcse.tifr.res.in/?p=1447 

 

 

Important dates to note 

Registration of Centers 20th MAY -20th JUNE 2017 

Registration of Candidates 20th JUNE- 25th JULY 2017 

Down loading of Admit Cards by the Center in-charge 1 AUG -12th AUG 2017 

Date of Examination 20th AUG 2017 between 10 AM and 12.30 PM 



PLEASE NOTE THE REGISTRATION FOR NATIONAL STANDARD EXAMINATION WILL BE ANNOUNCED LATTER. 

 

 

 

 

The Indian Association of Physics Teachers (IAPT) was established in the year 1984 by the great 
visionary, (Late) Dr. D. P. Khandelwal, with active support from some Physics teachers, with the aim of 
upgrading the quality of Physics teaching and Physics teachers at all levels. It has now grown into a major 
organisation with about 6500 life members spread all over about 1500 organisations throughout the 
country including about 100 members from abroad. The members include school, college, university 
teachers, research workers, science administrators and science savvy enthusiasts. For its grass root 
working, the country is divided into 20 regions, each with a regional council. The apex excecutive council, 
co-ordinates and directs the effort at the national level. 

 

All IAPT work is voluntary, No remuneration is paid to its members for any IAPT activity. 

 

NEW ADDRESS OF THE EXAMINATION OFFICE 

 

From 1st July 2016,the IAPT examinations will be at the following address 

 

Prof. G. Venkatesh  

IAPT Bangalore Centre 2 

Indian Academy Degree  

College Hennur Cross, Hennur  

Main Road Bangalore-560 043 

e- mail : iapt.nse@gmail.com  

Helpline Number. 080 - 49087030 



Mathematical Olympiad 2017-18

National Board for Higher Mathematics &  
Homi Bhabha Centre for Science Education

Winning Olympiad Medals Ð a dream of young achievers 

In 2017-18 PRMO has been introduced as the Þrst step of the 
Mathematical Olympiad Programme

NOTE

Pre-Regional !

Mathematical Olympiad (PRMO)

For information please visit: http://olympiads.hbcse.tifr.res.in

For registration please visit: http://www.iapt.org.in

Homi Bhabha Centre for Science Education 
Tata Institute of Fundamental Research 

V. N. Purav Marg, Mankhurd, Mumbai - 400 088 
Tel: 022 - 2556 2132, 2556 7711, 2558 0036   Fax: 022 - 2558 5660, 2556 6803

Important dates for PRMO 2017

Registration of Centers : 20 May - 20 June 2017

Registration of Candidates : 20 June - 25 July 2017

Downloading of Admit Cards by the Center in-charge : 1 August - 12 August 2017

Date of Examination : 20 August 2017

Time of Examination :  10 AM - 12.30 PM

These are the only Olympiads that lead to participation in the International Mathematical 

Olympiad (IMO). No other contests are recognised for this purpose.



Sample Questions for PRMO 2017

1. Two positive integers a and b are such that a + b =
a
b

+
b
a

. What is the value of a2 + b2?

[Ans: 02]

2. The equationsx2 � 4x + k = 0 and x2 + kx � 4 = 0, where k is a real number, have exactly
one common root. What is the value ofk? [Ans: 03]

3. Let P(x) be a non-zero polynomial with integer coe�cients. If P(n) is divisible by n for each
positive integer n, what is the value of P(0)? [Ans: 00]

4. A natural number k is such that k2 < 2014< (k + 1) 2. What is the largest prime factor of
k? [Ans: 11]

5. How many two-digit positive integers N have the property that the sum of N and the number
obtained reversing the order of the digits ofN is a perfect square? [Ans: 08]

6. What is the greatest possible perimeter of a right-angled triangle with integer side lengths if
one of the sides has length 12? [Ans: 84]

7. In rectangleABCD , AB = 8 and BC = 20. Let P be a point on AD such that \ BPC = 90 � .
If r 1, r 2, r 3 are the radii of the incircles of trianglesAPB , BPC and CPD, what is the value
of r 1 + r 2 + r 3? [Ans: 08]

8. Let n be the largest integer that is the product of exactly 3 distinct prime numbers, x, y and
10x + y, where x and y are digits. What is the sum of the digits of n? [Ans: 12]

9. A subsetB of the set of �rst 100 positive integers has the property that no two elements of
B sum to 125. What is the maximum possible number of elements inB ? [Ans: 62]

10. The circle ! touches the circle 
 internally at P. The centre O of 
 is outside ! . Let XY
be a diameter of 
 which is also tangent to ! . AssumePY > PX . Let PY intersect ! at
Z . If Y Z = 2PZ ,what is the magnitude of \ PY X in degrees? [Ans: 15]
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NATIONAL BOARD FOR HIGHER MATHEMATICS
AND

HOMI BHABHA CENTRE FOR SCIENCE EDUCATION
TATA INSTITUTE OF FUNDAMENTAL RESEARCH

Pre-REGIONAL MATHEMATICAL OLYMPIAD, 2015
Mumbai Region

October 4, 2015

QUESTION PAPER SET: A

� There are 20 questions in this question paper. Each question carries 5 marks.

� Answer all questions.

� Time allotted: 2.5 hours.

QUESTIONS

1. A man walks a certain distance and rides back in 3
3
4

hours; he could ride both ways in 2
1
2

hours. How many hours would it take him to walk both ways? [5]

2. Positive integersa and b are such that a + b = a=b+ b=a. What is the value of a2 + b2? [2]

3. The equationsx2 � 4x + k = 0 and x2 + kx � 4 = 0, where k is a real number, have exactly
one common root. What is the value ofk? [3]

4. Let P(x) be a non-zero polynomial with integer coe�cients. If P(n) is divisible by n for each
positive integer n, what is the value of P(0)? [0]

5. How many line segments have both their endpoints located at the vertices of a given cube?
[28]

6. Let E(n) denote the sum of the even digits ofn. For example, E (1243) = 2 + 4 = 6. What
is the value of E(1) + E(2) + E(3) + � � � + E(100)? [400]

7. How many two-digit positive integers N have the property that the sum of N and the number
obtained by reversing the order of the digits ofN is a perfect square? [8]

8. The �gure below shows a broken piece of a circular plate made of glass.

A B
C

D

C is the midpoint of AB , and D is the midpoint of arc AB . Given that AB = 24 cm and
CD = 6 cm, what is the radius of the plate in centimetres? (The �gure is not drawn to
scale.) [15]
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9. A 2 � 3 rectangle and a 3� 4 rectangle are contained within a square without overlapping
at any interior point, and the sides of the square are parallel to the sides of the two given
rectangles. What is the smallest possible area of the square? [25]

10. What is the greatest possible perimeter of a right-angled triangle with integer side lengths if
one of the sides has length 12 ? [84]

11. In rectangleABCD , AB = 8 and BC = 20. Let P be a point on AD such that 6 BPC = 90 � .
If r 1, r 2, r 3 are the radii of the incircles of trianglesAPB , BPC and CPD, what is the value
of r 1 + r 2 + r 3? [8]

12. Let a, b, and c be real numbers such thata � 7b+ 8c = 4 and 8a + 4b� c = 7. What is the
value of a2 � b2 + c2? [1]

13. Let n be the largest integer that is the product of exactly 3 distinct prime numbers, x, y and
10x + y, where x and y are digits. What is the sum of the digits of n? [12]

14. At a party, each man danced with exactly four women and each woman danced with exactly
three men. Nine men attended the party. How many women attended the party? [12]

15. If 3x + 2 y = 985 and 3x � 2y = 473, what is the value of xy? [48]

16. In acute-angled triangleABC , let D be the foot of the altitude from A, and E be the midpoint
of BC . Let F be the midpoint of AC . Suppose6 BAE = 40 � . If 6 DAE = 6 DFE , what is
the magnitude of 6 ADF in degrees? [40]

17. A subsetB of the set of �rst 100 positive integers has the property that no two elements of
B sum to 125. What is the maximum possible number of elements inB ? [62]

18. Let a, b and c be such that a + b+ c = 0 and

P =
a2

2a2 + bc
+

b2

2b2 + ca
+

c2

2c2 + ab

is de�ned. What is the value of P? [1]

19. The circle ! touches the circle 
 internally at P. The centre O of 
 is outside ! . Let XY
be a diameter of 
 which is also tangent to ! . AssumePY > PX . Let PY intersect ! at
Z . If Y Z = 2PZ, what is the magnitude of 6 PY X in degrees? [15]

20. The digits of a positive integern are four consecutive integers in decreasing order when read
from left to right. What is the sum of the possible remainders whenn is divided by 37?
[217]
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NATIONAL BOARD FOR HIGHER MATHEMATICS
AND

HOMI BHABHA CENTRE FOR SCIENCE EDUCATION
TATA INSTITUTE OF FUNDAMENTAL RESEARCH

Pre-REGIONAL MATHEMATICAL OLYMPIAD, 2015
Mumbai Region

October 4, 2015

QUESTION PAPER SET: B

� There are 20 questions in this question paper. Each question carries 5 marks.

� Answer all questions.

� Time allotted: 2.5 hours.

QUESTIONS

1. A man walks a certain distance and rides back in 3
3
4

hours; he could ride both ways in 2
1
2

hours. How many hours would it take him to walk both ways? [5]

2. The equationsx2 � 4x + k = 0 and x2 + kx � 4 = 0, where k is a real number, have exactly
one common root. What is the value ofk? [3]

3. Positive integersa and b are such that a + b = a=b+ b=a. What is the value of a2 + b2? [2]

4. How many line segments have both their endpoints located at the vertices of a given cube?
[28]

5. Let P(x) be a non-zero polynomial with integer coe�cients. If P(n) is divisible by n for each
positive integer n, what is the value of P(0)? [0]

6. How many two-digit positive integers N have the property that the sum of N and the number
obtained by reversing the order of the digits ofN is a perfect square? [8]

7. Let E(n) denote the sum of the even digits ofn. For example, E (1243) = 2 + 4 = 6. What
is the value of E(1) + E(2) + E(3) + � � � + E(100)? [400]

8. The �gure below shows a broken piece of a circular plate made of glass.

A B
C

D

C is the midpoint of AB , and D is the midpoint of arc AB . Given that AB = 24 cm and
CD = 6 cm, what is the radius of the plate in centimetres? (The �gure is not drawn to
scale.) [15]
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9. What is the greatest possible perimeter of a right-angled triangle with integer side lengths if
one of the sides has length 12 ? [84]

10. A 2 � 3 rectangle and a 3� 4 rectangle are contained within a square without overlapping
at any interior point, and the sides of the square are parallel to the sides of the two given
rectangles. What is the smallest possible area of the square? [25]

11. Let a, b, and c be real numbers such thata � 7b+ 8c = 4 and 8a + 4b� c = 7. What is the
value of a2 � b2 + c2? [1]

12. In rectangleABCD , AB = 8 and BC = 20. Let P be a point on AD such that 6 BPC = 90 � .
If r 1, r 2, r 3 are the radii of the incircles of trianglesAPB , BPC and CPD, what is the value
of r 1 + r 2 + r 3? [8]

13. At a party, each man danced with exactly four women and each woman danced with exactly
three men. Nine men attended the party. How many women attended the party? [12]

14. If 3x + 2 y = 985 and 3x � 2y = 473, what is the value of xy? [48]

15. Let n be the largest integer that is the product of exactly 3 distinct prime numbers, x, y and
10x + y, where x and y are digits. What is the sum of the digits of n? [12]

16. In acute-angled triangleABC , let D be the foot of the altitude from A, and E be the midpoint
of BC . Let F be the midpoint of AC . Suppose6 BAE = 40 � . If 6 DAE = 6 DFE , what is
the magnitude of 6 ADF in degrees? [40]

17. Let a, b and c be such that a + b+ c = 0 and

P =
a2

2a2 + bc
+

b2

2b2 + ca
+

c2

2c2 + ab

is de�ned. What is the value of P? [1]

18. A subsetB of the set of �rst 100 positive integers has the property that no two elements of
B sum to 125. What is the maximum possible number of elements inB ? [62]

19. The digits of a positive integern are four consecutive integers in decreasing order when read
from left to right. What is the sum of the possible remainders whenn is divided by 37?
[217]

20. The circle ! touches the circle 
 internally at P. The centre O of 
 is outside ! . Let XY
be a diameter of 
 which is also tangent to ! . AssumePY > PX . Let PY intersect ! at
Z . If Y Z = 2PZ, what is the magnitude of 6 PY X in degrees? [15]
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Problems and Solutions: CRMO-2012, Paper 1

1. Let ABC be a triangle and D be a point on the segment BC such that DC = 2BD .
Let E be the mid-point of AC . Let AD and BE intersect in P. Determine the ratios
BP=PE and AP=PD.

Solution: Let F be the midpoint of DC ,
so that D; F are points of trisection of BC .
Now in triangle CAD , F is the mid-point of
CD and E is that of CA. Hence CF=FD =
1 = CE=EA. Thus EF k AD . Hence we �nd
that EF k PD. Hence BP=PE = BD=DF .
But BD = DF . We obtain BP=PE = 1 .

In triangle ACD , since EF k AD we get EF=AD = CF=CD = 1=2. Thus AD = 2EF .
But PD=EF = BD=BF = 1=2. Hence EF = 2PD. Therefore AD = 2EF = 4PD.
This gives

AP = AD � PD = 3PD.
We obtain AP=PD = 3 .
(Coordinate geometry proof is also possible.)

2. Let a; b; c be positive integers such that a divides b3, b divides c3 and c divides a3.
Prove that abcdivides (a + b+ c)13.
Solution: If a prime p divides a, then p j b3 and hence p j b. This implies that p j c3

and hence p j c. Thus every prime dividing a also divides b and c. By symmetry,
this is true for b and c as well. We conclude that a; b; c have the same set of prime
divisors.
Let px jj a, py jj b and pz jj c. (Here we write px jj a to mean px j a and px+1 6ja.) We may
assume minf x; y; zg = x. Now b j c3 implies that y � 3z; c j a3 implies that z � 3x. We
obtain

y � 3z � 9x.
Thus x + y + z � x + 3x + 9x = 13x. Hence the maximum power of p that divides abc
is x + y + z � 13x. Since x is the minimum among x; y; z, whence px divides each of
a; b; c. Hence px divides a + b+ c. This implies that p13x divides (a + b+ c)13. Since
x + y + z � 13x, it follows that px+ y+ z divides (a + b+ c)13. This is true of any prime p
dividing a; b; c. Hence abcdivides (a + b+ c)13.

3. Let a and b be positive real numbers such that a + b = 1 . Prove that

aabb + abba � 1:

Solution: Observe
1 = a + b = aa+ bba+ b = aabb + babb:

Hence
1 � aabb � abba = aabb + babb � aabb � abba = ( aa � ba)(ab � bb)

Now if a � b, then aa � ba and ab � bb. If a � b, then aa � ba and ab � bb. Hence the
product is nonnegative for all positive a and b. It follows that

aabb + abba � 1:



4. Let X = f 1; 2; 3; : : : ; 10g. Find the the number of pairs f A; B g such that A � X ,
B � X , A 6= B and A \ B = f 2; 3; 5; 7g.

Solution: Let A [ B = Y , B n A = M , A n B = N and X n Y = L. Then X is the
disjoint union of M , N , L and A \ B . Now A \ B = f 2; 3; 5; 7g is �xed. The remaining
six elements 1; 4; 6; 8; 9; 10 can be distributed in any of the remaining sets M , N , L .
This can be done in 36 ways. Of these if all the elements are in the set L , then
A = B = f 2; 3; 5; 7g and which this case has to be deleted. Hence the total number
of pairs f A; B g such that A � X , B � X , A 6= B and A \ B = f 2; 3; 5; 7g is 36 � 1.

5. Let ABC be a triangle. Let BE and CF be internal angle bisectors of \ B and \ C
respectively with E on AC and F on AB . Suppose X is a point on the segment CF
such that AX ? CF ; and Y is a point on the segment BE such that AY ? BE . Prove
that XY = ( b+ c � a)=2 where BC = a, CA = b and AB = c.

Solution: Produce AX and AY to meet
BC is X 0 and Y 0 respectively. Since BY
bisects \ ABY 0 and BY ? AY 0 it follows
that BA = BY 0 and AY = Y Y0. Similarly,
CA = CX 0 and AX = XX 0. Thus X and
Y are mid-points of AX 0 and AY 0 respec-
tively. By mid-point theorem XY = X 0Y 0=2.
But

X 0Y 0 = X 0C + Y 0B � BC = AC + AB � BC = b+ c � a:

Hence XY = ( b+ c � a)=2.

6. Let a and b be real numbers such that a 6= 0 . Prove that not all the roots of ax4 +
bx3 + x2 + x + 1 = 0 can be real.

Solution: Let � 1, � 2, � 3, � 4 be the roots of ax4 + bx3 + x2 + x + 1 = 0 . Observe none of
these is zero since their product is 1=a. Then the roots of x4 + x3 + x2 + bx+ a = 0 are

� 1 =
1

� 1
; � 2 =

1
� 2

; � 3 =
1

� 3
; � 4 =

1
� 4

:

We have
4X

j =1

� j = � 1;
X

1 � j < k � 4� j � k = 1 :

Hence
4X

j =1

� 2
j =

0

@
4X

j =1

� j

1

A

2

� 2

0

@
X

1� j<k � 4

� j � k

1

A = 1 � 2 = � 1:

This shows that not all � j can be real. Hence not all � j 's can be real.
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Problems and Solutions: CRMO-2012, Paper 2

1. Let ABCD be a unit square. Draw a quadrant of a circle with A as centre and B; D
as end points of the arc. Similarly, draw a quadrant of a circle with B as centre and
A; C as end points of the arc. Inscribe a circle � touching the arc AC internally, the
arc BD internally and also touching the side AB . Find the radius of the circle � .

Solution: Let O be the centre of � . By
symmetry O is on the perpendicular bi-
sector of AB . Draw OE ? AB . Then
BE = AB=2 = 1=2. If r is the radius of � ,
we see that OB = 1 � r , and OE = r . Using
Pythagoras' theorem

(1 � r )2 = r 2 +
� 1

2

� 2.
Simpli�cation gives r = 3=8.

2. Let a; b; c be positive integers such that a divides b4, b divides c4 and c divides a4.
Prove that abcdivides (a + b+ c)21.

Solution: If a prime p divides a, then p j b4 and hence p j b. This implies that p j c4

and hence p j c. Thus every prime dividing a also divides b and c. By symmetry,
this is true for b and c as well. We conclude that a; b; c have the same set of prime
divisors.
Let px jj a, py jj b and pz jj c. (Here we write px jj a to mean px j a and px+1 6ja.) We may
assume minf x; y; zg = x. Now b j c4 implies that y � 4z; c j a4 implies that z � 4x. We
obtain

y � 4z � 16x.
Thus x + y + z � x + 4x + 16x = 21x. Hence the maximum power of p that divides abc
is x + y + z � 21x. Since x is the minimum among x; y; z, px divides a; b; c. Hence px

divides a + b+ c. This implies that p21x divides (a + b+ c)21. Since x + y + z � 21x,
it follows that px+ y+ z divides (a + b+ c)21. This is true of any prime p dividing a; b; c.
Hence abcdivides (a + b+ c)21.

3. Let a and b be positive real numbers such that a + b = 1 . Prove that

aabb + abba � 1:

Solution: Observe
1 = a + b = aa+ bba+ b = aabb + babb:

Hence
1 � aabb � abba = aabb + babb � aabb � abba = ( aa � ba)(ab � bb)

Now if a � b, then aa � ba and ab � bb. If a � b, then aa � ba and ab � bb. Hence the
product is nonnegative for all positive a and b. It follows that

aabb + abba � 1:

4. Let X = f 1; 2; 3; : : : ; 12g. Find the the number of pairs f A; B g such that A � X ,
B � X , A 6= B and A \ B = f 2; 3; 5; 7; 8g.

Solution: Let A [ B = Y , B nA = M , A nB = N and X nY = L. Then X is the disjoint
union of M , N , L and A \ B . Now A \ B = f 2; 3; 5; 7; 8g is �xed. The remaining seven
elements 1; 4; 6; 9; 10; 11; 12 can be distributed in any of the remaining sets M , N , L .



This can be done in 37 ways. Of these if all the elements are in the set L , then
A = B = f 2; 3; 5; 7; 8g and this case has to be omitted. Hence the total number of
pairs f A; B g such that A � X , B � X , A 6= B and A \ B = f 2; 3; 5; 7; 8g is 37 � 1.

5. Let ABC be a triangle. Let D , E be a points on the segment BC such that BD =
DE = EC. Let F be the mid-point of AC . Let BF intersect AD in P and AE in Q
respectively. Determine BP=PQ.

Solution: Let D be the mid-point of BE .
Join AD and let it intersect BF in P. Ex-
tend CQ and EP to meet AB in S and T
respectively. Now

BS
SA

=
[BQC ]
[AQC ]

=
[BQC ]=[AQB ]
[AQC ]=[AQB ]

=
CF=FA
EC=BE

=
1

1=2
= 2 :

Similarly,

AQ
QE

=
[ABQ ]
[EBQ ]

=
[ACQ]
[ECQ]

=
[ABQ ] + [ ACQ]

[BCQ]
=

[ABQ ]
[BCQ]

+
[ACQ]
[BCQ]

=
AF
FC

+
AS
SB

= 1 +
1
2

=
3
2

:

And
AT
TB

=
[APE ]
[BPE ]

=
[APE ]
[APB ]

�
[APB ]
[BPE ]

=
DE
DB

�
AQ
QE

= 1 �
3
2

=
3
2

:

Finally,

BP
PQ

=
[BPE ]
[QPE]

=
[BPA ]
[APE ]

=
[BPE ] + [ BPA ]

[APE ]
=

[BPE ]
[APE ]

+
[BPA ]
[APE ]

=
BT
TA

+
BD
DE

=
2
3

+ 1 =
5
3

:

(Note: BS=SA, AT=TB can also be obtained using Ceva's theorem. A solution can
also be obtained using coordinate geometry.)

6. Show that for all real numbers x; y; z such that x + y + z = 0 and xy + yz + zx = � 3,
the expression x3y + y3z + z3x is a constant.

Solution: Consider the equation whose roots are x; y; z:
(t � x)( t � y)( t � z) = 0 .

This gives t3 � 3t � � = 0 , where � = xyz. Since x; y; z are roots of this equation, we
have

x3 � 3x � � = 0 , y3 � 3y � � = 0 , z3 � 3z � � = 0 .
Multiplying the �rst by y, the second by z and the third by x, we obtain

x3y � 3xy � �y = 0 ,
y3z � 3yz � �z = 0 ,
z3x � 3zx � �x = 0 .

Adding we obtain
x3y + y3z + z3x � 3(xy + yz + zx) � � (x + y + z) = 0 .

This simpli�es to
x3y + y3z + z3x = � 9.

(Here one may also solve for y and z in terms of x and substitute these values in
x3y + y3z + z3x to get � 9.)
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Problems and Solutions: CRMO-2012, Paper 3

1. Let ABCD be a unit square. Draw a quadrant of a circle with A as centre and B; D
as end points of the arc. Similarly, draw a quadrant of a circle with B as centre
and A; C as end points of the arc. Inscribe a circle � touching the arcs AC and BD
both externally and also touching the side CD. Find the radius of the circle � .

Solution: Let O be the centre of � . By sym-
metry O is on the perpendicular bisector of
CD. Draw OL ? CD and OK ? BC . Then
OK = CL = CD=2 = 1=2. If r is the radius
of � , we see that BK = 1 � r , and OE = r .
Using Pythagoras' theorem

(1 + r )2 = (1 � r )2 +
� 1

2

� 2.
Simpli�cation gives r = 1=16.

2. Let a; b; c be positive integers such that a divides b5, b divides c5 and c divides a5.
Prove that abcdivides (a + b+ c)31.

Solution: If a prime p divides a, then p j b5 and hence p j b. This implies that p j c4

and hence p j c. Thus every prime dividing a also divides b and c. By symmetry,
this is true for b and c as well. We conclude that a; b; c have the same set of prime
divisors.
Let px jj a, py jj b and pz jj c. (Here we write px jj a to mean px j a and px+1 6ja.) We may
assume minf x; y; zg = x. Now b j c5 implies that y � 5z; c j a5 implies that z � 5x. We
obtain

y � 5z � 25x.
Thus x + y + z � x + 5x + 25x = 31x. Hence the maximum power of p that divides abc
is x + y + z � 31x. Since x is the minimum among x; y; z, px divides a; b; c. Hence px

divides a + b+ c. This implies that p31x divides (a + b+ c)21. Since x + y + z � 31x,
it follows that px+ y+ z divides (a + b+ c)31. This is true of any prime p dividing a; b; c.
Hence abcdivides (a + b+ c)31.

3. Let a and b be positive real numbers such that a + b = 1 . Prove that

aabb + abba � 1:

Solution: Observe
1 = a + b = aa+ bba+ b = aabb + babb:

Hence
1 � aabb � abba = aabb + babb � aabb � abba = ( aa � ba)(ab � bb)

Now if a � b, then aa � ba and ab � bb. If a � b, then aa � ba and ab � bb. Hence the
product is nonnegative for all poitive a and b. It follows that

aabb + abba � 1:

4. Let X = f 1; 2; 3; : : : ; 10g. Find the the number of pairs f A; B g such that A � X ,
B � X , A 6= B and A \ B = f 5; 7; 8g.

Solution: Let A [ B = Y , B n A = M , A n B = N and X n Y = L. Then X is the
disjoint union of M , N , L and A \ B . Now A \ B = f 5; 7; 8g is �xed. The remaining
seven elements 1; 2; 3; 4; 6; 9; 10 can be distributed in any of the remaining sets M ,



N , L . This can be done in 37 ways. Of these if all the elements are in the set L , then
A = B = f 5; 7; 8g and this case has to be omitted. Hence the total number of pairs
f A; B g such that A � X , B � X , A 6= B and A \ B = f 5; 7; 8g is 37 � 1.

5. Let ABC be a triangle. Let D , E be a points on the segment BC such that BD =
DE = EC. Let F be the mid-point of AC . Let BF intersect AD in P and AE in
Q respectively. Determine the ratio of the area of the triangle APQ to that of the
quadrilateral PDEQ .

Solution: If we can �nd [APQ]=[ADE ],
then we can get the required ratio as

[APQ]
[PDEQ ]

=
[APQ]

[ADE ] � [APQ]

=
1

�
[ADE ]=[APQ]

�
� 1

:

Now draw PM ? AE and DL ? AE . Ob-
serve

[APQ] = 1
2AQ � PM , [ADE ] = 1

2AE � DL .

Further, since PM k DL , we also get PM=DL = AP=AD . Using these we obtain

[APQ]
[ADE ]

=
AP
AD

�
AQ
AE

:

We have

AQ
QE

=
[ABQ ]
[EBQ ]

=
[ACQ]
[ECQ]

=
[ABQ ] + [ ACQ]

[BCQ]
=

[ABQ ]
[BCQ]

+
[ACQ]
[BCQ]

=
AF
FC

+
AS
SB

:

However
BS
SA

=
[BQC ]
[AQC ]

=
[BQC ]=[AQB ]
[AQC ]=[AQB ]

=
CF=FA
EC=BE

=
1

1=2
= 2 :

Besides AF=FC = 1 . We obtain

AQ
QE

=
AF
FC

+
AS
SB

= 1 +
1
2

=
3
2

;
AE
QE

= 1 +
3
2

=
5
2

;
AQ
AE

=
3
5

:

Since EF k AD (since DE=EC = AF=FC = 1), we get AD = 2EF . Since EF k PD, we
also have PD=EF = BD=DE = 1=2. Hence EF = 2PD. Thus AD = 4PD. This gives
and AP=PD = 3 and AP=AD = 3=4. Thus

[APQ]
[ADE ]

=
AP
AD

�
AQ
AE

=
3
4

�
3
5

=
9
20

:

Finally,
[APQ]

[PDEQ ]
=

1
�
[ADE ]=[APQ]

�
� 1

=
1

(20=9) � 1
=

9
11

:

(Note: BS=SA can also be obtained using Ceva's theorem. Coordinate geometry
solution can also be obtained.)

6. Find all positive integers n such that 32n + 3n2 + 7 is a perfect square.

Solution: If 32n + 3n2 + 7 = b2 for some natural number b, then b2 > 32n so that
b > 3n . This implies that b � 3n + 1 . Thus



32n + 3n2 + 7 = b2 � (3n + 1) 2 = 3 2n + 2 � 3n + 1 .
This shows that 2 � 3n � 3n2 + 6 . If n � 3, this cannot hold. One can prove this eithe
by induction or by direct argument:
If n � 3, then

2 � 3n = 2(1 + 2) n = 2
�

1 + 2n +
�
n(n � 1)=2) � 22 + � � �

�
> 2 + 4n + 4n2 � 4n

= 3n2 + ( n2 + 2) � 3n2 + 11 > 3n2 + 6 :

Hence n = 1 or 2.
If n = 1 , then 32n + 3n2 + 7 = 19 and this is not a perfect square. If n = 2 , we obtain
32n + 3n2 + 7 = 81 + 12 + 7 = 100 = 10 2. Hence n = 2 is the only solution.
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Problems and Solutions: CRMO-2012, Paper 4

1. Let ABCD be a unit square. Draw a quadrant of a circle with A as centre and B; D
as end points of the arc. Similarly, draw a quadrant of a circle with B as centre and
A; C as end points of the arc. Inscribe a circle � touching the arc AC externally, the
arc BD internally and also touching the side AD . Find the radius of the circle � .

Solution: Let O be the centre of � and r
its radius. Draw OP ? AD and OQ ? AB .
Then OP = r , OQ2 = OA2 � r 2 = (1 � r )2 �
r 2 = 1 � 2r . We also have OB = 1 + r and
BQ = 1 � r . Using Pythagoras' theorem we
get

(1 + r )2 = (1 � r )2 + 1 � 2r .
Simpli�cation gives r = 1=6.

2. Let a; b; c be positive integers such that a divides b2, b divides c2 and c divides a2.
Prove that abcdivides (a + b+ c)7.

Solution: If a prime p divides a, then p j b2 and hence p j b. This implies that p j c2

and hence p j c. Thus every prime dividing a also divides b and c. By symmetry,
this is true for b and c as well. We conclude that a; b; c have the same set of prime
divisors.
Let px jj a, py jj b and pz jj c. (Here we write px jj a to mean px j a and px+1 6ja.) We may
assume minf x; y; zg = x. Now b j c2 implies that y � 2z; c j a2 implies that z � 2x. We
obtain

y � 2z � 4x.
Thus x + y + z � x + 2x + 4x = 7x. Hence the maximum power of p that divides abc
is x + y + z � 7x. Since x is the minimum among x; y; z, px divides a; b; c. Hence px

divides a + b+ c. This implies that p7x divides (a + b+ c)7. Since x + y + z � 7x, it
follows that px+ y+ z divides (a + b + c)7. This is true of any prime p dividing a; b; c.
Hence abcdivides (a + b+ c)7.

3. Let a and b be positive real numbers such that a + b = 1 . Prove that

aabb + abba � 1:

Solution: Observe
1 = a + b = aa+ bba+ b = aabb + babb:

Hence
1 � aabb � abba = aabb + babb � aabb � abba = ( aa � ba)(ab � bb)

Now if a � b, then aa � ba and ab � bb. If a � b, then aa � ba and ab � bb. Hence the
product is nonnegative for all positive a and b. It follows that

aabb + abba � 1:

4. Let X = f 1; 2; 3; : : : ; 11g. Find the the number of pairs f A; B g such that A � X ,
B � X , A 6= B and A \ B = f 4; 5; 7; 8; 9; 10g.

Solution: Let A [ B = Y , B n A = M , A n B = N and X n Y = L. Then X is the
disjoint union of M , N , L and A \ B . Now A \ B = f 4; 5; 7; 8; 9; 10g is �xed. The
remaining 5 elements 1; 2; 3; 6; 11 can be distributed in any of the remaining sets M ,



N , L . This can be done in 35 ways. Of these if all the elements are in the set L , then
A = B = f 4; 5; 7; 8; 9; 10g and this case has to be omitted. Hence the total number of
pairs f A; B g such that A � X , B � X , A 6= B and A \ B = f 4; 5; 7; 8; 9; 10g is 35 � 1.

5. Let ABC be a triangle. Let E be a point on the segment BC such that BE = 2EC.
Let F be the mid-point of AC . Let BF intersect AE in Q. Determine BQ=QF .

Solution: Let CQ and ET meet AB in S
and T respectively. We have

[SBC]
[ASC]

=
BS
SA

=
[SBQ]
[ASQ]

:

Using componendo by dividendo, we ob-
tain

BS
SA

=
[SBC] � [SBQ]
[ASC] � [ASQ]

=
[BQC ]
[AQC ]

:

Similarly, We can prove

BE
EC

=
[BQA ]
[CQA]

;
CF
FA

=
[CQB ]
[AQB ]

:

But BD = DE = EC implies that BE=EC = 2 ; CF = FA gives CF=FA = 1 . Thus

BS
SA

=
[BQC ]
[AQC ]

=
[BQC ]=[AQB ]
[AQC ]=[AQB ]

=
CF=FA
EC=BE

=
1

1=2
= 2 :

Now
BQ
QF

=
[BQC ]
[FQC]

=
[BQA ]
[FQA]

=
[BQC ] + [ BQA ]
[FQC] + [ FQA]

=
[BQC ] + [ BQA ]

[AQC ]
:

This gives

BQ
QF

=
[BQC ] + [ BQA ]

[AQC ]
=

[BQC ]
[AQC ]

+
[BQA ]
[AQC ]

=
BS
SA

+
BE
EC

= 2 + 2 = 4 :

(Note: BS=SA can also be obtained using Ceva's theorem. One can also obtain the
result by coordinate geometry.)

6. Solve the system of equations for positive real numbers:

1
xy

=
x
z

+ 1 ;
1
yz

=
y
x

+ 1 ;
1

zx
=

z
y

+ 1 :

Solution: The given system reduces to
z = x2y + xyz, x = yz + xyz, y = z2x + xyz.

Hence
z � x2y = x � y2z = y � z2x.

If x = y, then y2z = z2x and hence x2z = z2x. This implies that z = x = y. Similarly,
x = z implies that x = z = y. Hence if any two of x; y; z are equal, then all are equal.
Suppose no two of x; y; z are equal. We may take x is the largest among x; y; z so
that x > y and x > z . Here we have two possibilities: y > z and z > y .
Suppose x > y > z . Now z � x2y = x � y2z = y � z2x shows that

y2z > z 2x > x 2y.



But y2z > z 2x and z2x > x 2y give y2 > zx and z2 > xy . Hence
(y2)(z2) > (zx)(xy).

This gives yz > x 2. Thus x3 < xyz = ( xz)y < (y2)y = y3. This forces x < y contradict-
ing x > y .
Similarly, we arrive at a contradiction if x > z > y . The only possibility is x = y = z.
For x = y = z, we get only one equation x2 = 1=2. Since x > 0, x = 1=

p
2 = y = z.
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Paper 1 Regional Mathematical Olympiad 2013 December 1, 2013

1. Let ABC be an acute-angled triangle. The circle � with BC as diameter intersectsAB and
AC again at P and Q, respectively. Determine\ BAC given that the orthocentre of triangle
APQ lies on �.

2. Let f (x) = x3 + ax2 + bx + c and g(x) = x3 + bx2 + cx + a, where a; b; c are integers with
c 6= 0. Suppose that the following conditions hold:

(a) f (1) = 0;

(b) the roots of g(x) = 0 are the squares of the roots off (x) = 0.

Find the value of a2013 + b2013 + c2013.

3. Find all primes p and q such that p divides q2 � 4 and q divides p2 � 1.

4. Find the number of 10-tuples (a1; a2; : : : ; a10) of integers such that ja1j � 1 and

a2
1 + a2

2 + a2
3 + � � � + a2

10 � a1a2 � a2a3 � a3a4 � � � � � a9a10 � a10a1 = 2 :

5. Let ABC be a triangle with \ A = 90 � and AB = AC . Let D and E be points on the segment
BC such that BD : DE : EC = 3 : 5 : 4. Prove that \ DAE = 45 � .

6. Suppose thatm and n are integers such that both the quadratic equationsx2 + mx � n = 0
and x2 � mx + n = 0 have integer roots. Prove that n is divisible by 6.

||| ? |||



Paper 1 Regional Mathematical Olympiad 2013 December 1, 2013

1. Let ABC be an acute angled triangle. The circle � with BC as diameter intersectsAB and
AC again at P and Q, respectively. Determine\ BAC given that the orthocenter of triangle
APQ lies on �.

Solution. Let K denote the orthocenter of triangle APQ. Since trianglesABC and AQP
are similar it follows that K lies in the interior of triangle APQ.

Note that \ KPA = \ KQA = 90 � � \ A. SinceBPKQ is a cyclic quadrilateral it follows that
\ BQK = 180� � \ BPK = 90 � � \ A, while on the other hand \ BQK = \ BQA � \ KQA =
\ A sinceBQ is perpendicular to AC . This shows that 90� � \ A = \ A, so \ A = 45 � .

2. Let f (x) = x3 + ax2 + bx + c and g(x) = x3 + bx2 + cx + a, where a; b; c are integers with
c 6= 0. Suppose that the following conditions hold:

(a) f (1) = 0;

(b) the roots of g(x) are squares of the roots off (x).

Find the value of a2013 + b2013 + c2013.

Solution. Note that g(1) = f (1) = 0, so 1 is a root of both f (x) and g(x). Let p and q be the
other two roots of f (x), so p2 and q2 are the other two roots ofg(x). We then get pq = � c and
p2q2 = � a, soa = � c2. Also, (� a)2 = ( p+ q+1) 2 = p2 + q2 +1+2( pq+ p+ q) = � b+2b = b.
Therefore b = c4. Since f (1) = 0 we therefore get 1 + c � c2 + c4 = 0. Factorising, we
get (c + 1)( c3 � c2 + 1) = 0. Note that c3 � c2 + 1 = 0 has no integer root and hence
c = � 1; b = 1 ; a = � 1. Therefore a2013 + b2013 + c2013 = � 1.

3. Find all primes p and q such that p divides q2 � 4 and q divides p2 � 1.

Solution. Suppose thatp � q. Sinceq divides (p � 1)(p + 1) and q > p � 1 it follows that q
divides p + 1 and henceq = p + 1. Therefore p = 2 and q = 3.

On the other hand, if p > q then p divides (q � 2)(q + 2) implies that p divides q + 2 or
q � 2 = 0. This gives either p = q + 2 or q = 2. In the former case it follows that that q
divides (q+2) 2 � 1, soq divides 3. This gives the solutionsp > 2; q = 2 and (p; q) = (5 ; 3).

4. Find the number of 10-tuples (a1; a2; : : : ; a10) of integers such that ja1j � 1 and

a2
1 + a2

2 + a2
3 + � � � + a2

10 � a1a2 � a2a3 � a3a4 � � � � � a9a10 � a10a1 = 2 :

Solution. Let a11 = a1. Multiplying the given equation by 2 we get

(a1 � a2)2 + ( a2 � a3)2 + � � � (a10 � a1)2 = 4 :

Note that if ai � ai +1 = � 2 for somei = 1 ; : : : ; 10, then aj � aj +1 = 0 for all j 6= i which
contradicts the equality

P 10
i =1 (ai � ai +1 ) = 0. Therefore ai � ai +1 = 1 for exactly two values

of i in f 1; 2; : : : ; 10g, ai � ai +1 = � 1 for two other values of i and ai � ai +1 = 0 for all other
values of i . There are

� 10
2

�
�

� 8
2

�
= 45 � 28 possible ways of choosing these values. Note

that a1 = � 1; 0 or 1, so in total there are 3� 45 � 28 possible integer solutions to the given
equation.
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5. Let ABC be a triangle with \ A = 90 � and AB = AC . Let D and E be points on the segment
BC such that BD : DE : EC = 3 : 5 : 4. Prove that \ DAE = 45 � .

Solution. Rotating the con�guraiton about A by 90� , the point B goes to the point C. Let
P denote the image of the point D under this rotation. Then CP = BD and \ ACP =
\ ABC = 45 � , so ECP is a right-angled triangle with CE : CP = 4 : 3. Hence PE = ED .
It follows that ADEP is a kite with AP = AD and PE = ED . Therefore AE is the angular
bisector of \ PAD . This implies that \ DAE = \ PAD=2 = 45� .

6. Suppose thatm and n are integers such that both the quadratic equationsx2 + mx � n = 0
and x2 � mx + n = 0 have integer roots. Prove that n is divisible by 6.

Solution. Let a be an integer. If a is not divisible by 3 then a2 � 1 (mod 3), i.e., 3 divides
a2 � 1, and if a is odd then a2 � 1 (mod 8), i.e., 8 dividesa2 � 1.

Note that the discriminants of the two quadratic polynomials are both squares of integers.
Let a and b be integers such thatm2 � 4n = a2 and m2 + 4n = b2. Therefore 8n = b2 � a2

and 2m2 = a2 + b2. If 3 divides m then 3 divides both a and b, so 3 dividesn. On the other
hand if 3 does not divide m then 3 does not dividea or b. Therefore 3 dividesb2 � a2 and
hence 3 dividesn.

If m is odd, then so isa, and therefore 4n = m2 � a2 is divisible by 8, so n is even. On
the other hand, if m is even then both a and b are even. Further (m=2)2 � n = ( a=2)2 and
(m=2)2 + n = ( b=2)2, so (b� a)=2 is even. In particular, n = ( b2 � a2)=4 is even.

||| ? |||
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1. Prove that there do not exist natural numbers x and y, with x > 1, such that

x7 � 1
x � 1

= y5 + 1 :

2. In a triangle ABC , AD is the altitude from A, and H is the orthocentre. Let K be the centre
of the circle passing throughD and tangent to BH at H . Prove that the line DK bisectsAC .

3. Consider the expression
20132 + 20142 + 20152 + � � � + n2 :

Prove that there exists a natural number n > 2013 for which one can change a suitable
number of plus signs to minus signs in the above expression to make the resulting expression
equal 9999.

4. Let ABC be a triangle with \ A = 90 � and AB = AC . Let D and E be points on the segment
BC such that BD : DE : EC = 1 : 2 :

p
3. Prove that \ DAE = 45 � .

5. Let n � 3 be a natural number and letP be a polygon with n sides. Leta1; a2; : : : ; an be the
lengths of the sides ofP and let p be its perimeter. Prove that

a1

p � a1
+

a2

p � a2
+ � � � +

an

p � an
< 2:

6. For a natural number n, let T(n) denote the number of ways we can placen objects of weights
1; 2; : : : ; n on a balance such that the sum of the weights in each pan is the same. Prove that
T(100) > T (99).

||| ?? |||
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1. Prove that there do not exist natural numbers x and y, with x > 1, such that

x7 � 1
x � 1

= y5 + 1 :

Solution. Simple factorisation givesy5 = x(x3 + 1)( x2 + x + 1). The three factors on the
right are mutually coprime and hence they all have to be �fth powers. In particular, x = r 5

for some integerr . This implies x3 + 1 = r 15 + 1, which is not a �fth power unless r = � 1 or
r = 0. This implies there are no solutions to the given equation.

2. In a triangle ABC , AD is the altitude from A, and H is the orthocentre. Let K be the centre
of the circle passing throughD and tangent to BH at H . Prove that the line DK bisectsAC .

Solution. Note that \ KHB = 90 � . Therefore \ KDA = \ KHD = 90 � � \ BHD =
\ HBD = \ HAC . On the other hand, if M is the midpoint of AC then it is the circumcenter
of triangle ADC and therefore \ MDA = \ MAD . This proves that D; K; M are collinear
and henceDK bisectsAC .

3. Consider the expression
20132 + 20142 + 20152 + � � � + n2 :

Prove that there exists a natural number n > 2013 for which one can change a suitable
number of plus signs to minus signs in the above expression to make the resulting expression
equal 9999.

Solution. For any integer k we have

� k2 + ( k + 1) 2 + ( k + 2) 2 � (k + 3) 2 = � 4:

Note that 9999 � (20132 + 20142 + 20152 + 20162 + 20172) = � 4m for some positive integer
m. Therefore, it follows that

9999 =(20132 + 20142 + 20152 + 20162 + 20172)

+
mX

r =1

�
� (4r + 2014)2 + (4 r + 2015)2 + (4 r + 2016)2 � (4r + 2017)2�

:

4. Let ABC be a triangle with \ A = 90 � and AB = AC . Let D and E be points on the segment
BC such that BD : DE : EC = 1 : 2 :

p
3. Prove that \ DAE = 45 � .

Solution. Rotating the con�guraiton about A by 90� , the point B goes to the point C. Let
P denote the image of the point D under this rotation. Then CP = BD and \ ACP =
\ ABC = 45 � , so ECP is a right-angled triangle with CE : CP =

p
3 : 1. HencePE = ED .

It follows that ADEP is a kite with AP = AD and PE = ED . Therefore AE is the angular
bisector of \ PAD . This implies that \ DAE = \ PAD=2 = 45� .

1
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5. Let n � 3 be a natural number and letP be a polygon with n sides. Leta1; a2; : : : ; an be the
lengths of the sides ofP and let p be its perimeter. Prove that

a1

p � a1
+

a2

p � a2
+ � � � +

an

p � an
< 2:

Solution. If r and s are positive real numbers such thatr < s then r=s < (r + x)=(s + x)
for any positive real x. Note that, by triangle inequality, ai < p � ai , so

ai

p � ai
<

2ai

p
;

for all i = 1 ; ; 2 : : : ; n. Summing this inequality over i we get the desired inequality.

6. For a natural number n, let T(n) denote the number of ways we can placen objects of weights
1; 2; : : : ; n on a balance such that the sum of the weights in each pan is the same. Prove that
T(100) > T (99).

Solution. Let S(n) denote the collection of subsetsA of X (n) = f 1; 2; : : : ; ng such that
the sum of the elements ofA equalsn(n + 1) =4. Then the given inequality is equivalent to
jS(100)j > jS(99)j. We shall give a map f : S(99) ! S (100) which is one-to-one but not
onto. Note that this will prove the required inequality.

Suppose that A is an element ofS(99). If 50 2 A then de�ne f (A) = ( A n f 50g) [ f 100g.
Otherwise, de�ne f (A) = A [ f 50g. If A and B are elements ofS(99) such that f (A) = f (B )
then either 50 belongs to both these sets or neither of these sets. In either of the cases we
have A = B . Therefore f is a one-to-one function.

Note that every element in the range of f contains exactly one of 50 and 100. LetB i =
f i; 101� ig. Then B1 [ B2 [ � � � B24 [ B50 is an element ofS(100). Clearly, this is not in the
range of f . Thus f is not an onto function.

||| ?? |||
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1. Find the number of eight-digit numbers the sum of whose digits is 4.

2. Find all 4-tuples (a; b; c; d) of natural numbers with a � b � c and a! + b! + c! = 3 d.

3. In an acute-angled triangleABC with AB < AC , the circle � touches AB at B and passes
through C intersecting AC again at D . Prove that the orthocentre of triangle ABD lies on
� if and only if it lies on the perpendicular bisector of BC .

4. A polynomial is called a Fermat polynomial if it can be written as the sum of the squares
of two polynomials with integer coe�cients. Suppose that f (x) is a Fermat polynomial such
that f (0) = 1000. Prove that f (x) + 2 x is not a Fermat polynomial.

5. Let ABC be a triangle which it not right-angled. De�ne a sequence of trianglesA i B i Ci ,
with i � 0, as follows: A0B0C0 is the triangle ABC ; and, for i � 0, A i +1 ; B i +1 ; Ci +1 are the
reections of the orthocentre of triangle A i B i Ci in the sides B i Ci ; Ci A i ; A i B i , respectively.
Assume that \ Am = \ An for some distinct natural numbers m; n. Prove that \ A = 60 � .

6. Let n � 4 be a natural number. Let A1A2 � � � An be a regular polygon andX = f 1; 2; : : : ; ng.
A subset f i 1; i 2; : : : ; i kg of X , with k � 3 and i 1 < i 2 < � � � < i k , is called a good subset
if the angles of the polygonA i 1 A i 2 � � � A i k , when arranged in the increasing order, are in an
arithmetic progression. If n is a prime, show that aproper good subset ofX contains exactly
four elements.

||| ? ? ? |||
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1. Let � be a circle with centre O. Let � be another circle passing through O and intersecting
� at points A and B . A diameter CD of � intersects � at a point P di�erent from O. Prove
that

\ APC = \ BPD :

2. Determine the smallest prime that does not divide any �ve-digit number whose digits are in
a strictly increasing order.

3. Given real numbersa; b; c; d; e >1 prove that

a2

c � 1
+

b2

d � 1
+

c2

e � 1
+

d2

a � 1
+

e2

b� 1
� 20:

4. Let x be a non-zero real number such thatx4 +
1
x4 and x5 +

1
x5 are both rational numbers.

Prove that x +
1
x

is a rational number.

5. In a triangle ABC , let H denote its orthocentre. Let P be the reection of A with respect to
BC . The circumcircle of triangle ABP intersects the lineBH again at Q, and the circumcircle
of triangle ACP intersects the line CH again at R. Prove that H is the incentre of triangle
PQR.

6. Suppose that the vertices of a regular polygon of 20 sides are coloured with three colours {
red, blue and green { such that there are exactly three red vertices. Prove that there are three
vertices A; B; C of the polygon having the same colour such that triangleABC is isosceles.

||| ? ? ? ?|||
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1. Let � be a circle with centre O. Let � be another circle passing through O and intersecting
� at points A and B . A diameter CD of � intersects � at a point P di�erent from O. Prove
that

\ APC = \ BPD :

Solution. Suppose thatA0 is a point on � such that \ A0PC = \ BPD . Then the segments
OA0 and OB subtends same angle in the respective minor arcs, soOA0 = OB. This shows
that A lies on � and hence A0 = A. This proves that \ APC = \ BPD .

2. Determine the smallest prime that does not divide any �ve-digit number whose digits are in
a strictly increasing order.

Solution. Note that 12346 is even, 3 and 5 divide 12345, and 7 divides 12348. Consider a 5
digit number n = abcdewith 0 < a < b < c < d < e < 10. Let S = ( a+ c+ e) � (b+ d). Then
S = a + ( c � b) + ( e� d) > a > 0 and S = e� (d � c) � (b� a) < e � 10, soS is not divisible
by 11 and hencen is not divisible by 11. Thus 11 is the smallest prime that does not divide
any �ve-digit number whose digits are in a strictly increasing order.

3. Given real numbersa; b; c; d; e >1 prove that

a2

c � 1
+

b2

d � 1
+

c2

e � 1
+

d2

a � 1
+

e2

b� 1
� 20:

Solution. Note that ( a � 2)2 � 0 and hencea2 � 4(a � 1). Sincea > 1 we have
a2

a � 1
� 4.

By applying AM-GM inequality we get

a2

c � 1
+

b2

d � 1
+

c2

e � 1
+

d2

a � 1
+

e2

b� 1
� 5 5

s
a2b2c2d2e2

(a � 1)(b� 1)(c � 1)(d � 1)(e � 1)
� 20:

4. Let x be a non-zero real number such thatx4 +
1
x4 and x5 +

1
x5 are both rational numbers.

Prove that x +
1
x

is a rational number.

Solution. For a natural number k let Tk = xk + 1=xk . Note that T4T2 = T2 + T6 and
T8T2 = T10 + T6. Therefore T2(T8 � T4 + 1) = T10. SinceT2k = T2

k + 2 it follows that T8; T10

are rational numbers and henceT2; T6 are also rational numbers. SinceT5T1 = T4 + T6 it
follows that T1 is a rational number.

5. In a triangle ABC , let H denote its orthocentre. Let P be the reection of A with respect to
BC . The circumcircle of triangle ABP intersects the lineBH again at Q, and the circumcircle
of triangle ACP intersects the line CH again at R. Prove that H is the incentre of triangle
PQR.

1
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Solution. SinceRACP is a cyclic quadrilateral it follows that \ RPA = \ RCA = 90 � � \ A.
Similarly, from cyclic quadrilateral BAQP we get \ QPA = 90 � � \ A. This shows that PH
is the angular bisector of\ RPQ.

We next show that R; A; Q are collinear. For this, note that \ BPC = \ A. Since \ BHC =
180� � \ A it follows that BHCP is a cyclic quadrilateral. Therefore \ RAP + \ QAP =
\ RCP + \ QBP = 180� . This proves that R; A; Q are collinear.

Now \ QRC = \ ARC = \ APC = \ PAC = \ PRC. This proves that RC is the angular
bisector of \ PRQ and henceH is the incenter of triangle PQR.

6. Suppose that the vertices of a regular polygon of 20 sides are coloured with three colours {
red, blue and green { such that there are exactly three red vertices. Prove that there are three
vertices A; B; C of the polygon having the same colour such that triangleABC is isosceles.

Solution. Since there are exactly three vertices, among the remaining 17 vertices there are
nine of them of the same colour, say blue. We can divide the vertices of the regular 20-gon
into four disjoint sets such that each set consists of vertices that form a regular pentagon.
Since there are nine blue points, at least one of these sets will have three blue points. Since
any three points on a pentagon form an isosceles triangle, the statement follows.
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Instructions:

� Calculators (in any form) and protractors are not allowed.

� Rulers and compasses are allowed.

� Answer all the questions.

� All questions carry equal marks. Maximum marks: 102.

� Answer to each question should start on a new page. Clearly
indicate the question number.

1. Let ABC be a triangle and let AD be the perpen-
dicular from A on to BC . Let K; L; M be points
on AD such that AK = KL = LM = MD . If the
sum of the areas of the shaded regions is equal to the
sum of the areas of the unshaded regions, prove that
BD = DC .

2. Let a1; a2; : : : ; a2n be an arithmetic progression of positive real numbers with
common di�erence d. Let
(i) a2

1 + a2
3 + � � � + a2

2n � 1 = x, (ii) a2
2 + a2

4 + � � � + a2
2n = y, and

(iii) an + an +1 = z.
Expressd in terms of x; y; z; n.

3. Suppose for some positive integersr and s, the digits of 2r is obtained by
permuting the digits of 2s in decimal expansion. Prove that r = s.

4. Is it possible to write the numbers 17; 18; 19; : : : ; 32
in a 4 � 4 grid of unit squares, with one number in
each square, such that the product of the numbers in
each 2� 2 sub-grids AMRG , GRND , MBHR and
RHCN is divisible by 16?

5. Let ABC be an acute-angled triangle and letH be its ortho-centre. For
any point P on the circum-circle of triangle ABC , let Q be the point of
intersection of the line BH with the line AP . Show that there is a unique
point X on the circum-circle of ABC such that for every point P 6= A; B ,
the circum-circle of HQP pass throughX .

6. Let x1; x2; : : : ; x2014 be positive real numbers such that
P 2014

j =1 x j = 1. De-
termine with proof the smallest constant K such that

K
2014X

j =1

x2
j

1 � x j
� 1:

|||-0|||-



Solutions to RMO-2014 problems

1. Let ABC be a triangle and let AD be the
perpendicular fromA on to BC. Let K; L; M
be points on AD such that AK = KL =
LM = MD . If the sum of the areas of
the shaded regions is equal to the sum of
the areas of the unshaded regions, prove that
BD = DC .

Solution: let BD = 4x, DC = 4y and AD = 4h. Then the sum of the areas of the
shaded regions is

1
2

h
�
x + ( y + 2y) + (2 x + 3x) + (3 y + 4y)

�
=

h(6x + 10y)
2

:

The sum of the areas of the unshaded regions is

1
2

h
�
y + ( x + 2x) + (2 y + 3y) + (3 x + 4x)

�
=

h(10x + 6y)
2

:

Therefore the given condition implies that

6x + 10y = 10x + 6y:

This givesx = y. HenceBD = DC .

2. Let a1; a2; : : : ; a2n be an arithmetic progression of positive real numbers with com-
mon di�erence d. Let
(i) a2

1 + a2
3 + � � � + a2

2n� 1 = x, (ii) a2
2 + a2

4 + � � � + a2
2n = y, and

(iii) an + an+1 = z.
Expressd in terms of x; y; z; n.

Solution: Observe that

y � x = ( a2
2 � a2

1) + ( a2
4 � a2

3) + � � � + ( a2
2n � a2

2n� 1):

The general di�erence is

a2
2k � a2

2k� 1 =
�

a2k + a2k� 1

�
d =

�
2a1 +

�
(2k � 1) + (2 k � 2)

�
d
�

d:

Therefore

y � x =
�
2na1 + (1 + 2 + 3 + � � � (2n � 1))d

�
d = nd

�
2a1 + (2 n � 1)d

�
:

We also observe that

z = an + an+1 = 2a1 + (2 n � 1)d:

It follows that y � x = ndz. Henced = ( y � x)=nz.



3. Suppose for some positive integersr and s, the digits of 2r is obtained by permuting
the digits of 2s in decimal expansion. Prove thatr = s.

Solution: Supposes � r . If s < r then 2s < 2r . Since the number of digits in 2s

and 2r are the same, we have 2r < 10� 2s < 2s+4 . Thus we have 2s < 2r < 2s+4

which givesr = s + 1 or s + 2 or s + 3. Since 2r is obtained from 2s by permuting
its digits, 2r � 2s is divisible by 9. If r = s + 1, we see that 2r � 2s = 2s and it is
clearly not divisible by 9. Similarly, 2s+2 � 2s = 3 � 2s and 2s+3 � 2s = 7 � 2s and
none of these is divisible by 9. We conclude thats < r is not possible. Hencer = s.

4. Is it possible to write the numbers
17; 18; 19; : : : ; 32 in a 4 � 4 grid of unit
squares, with one number in each square,
such that the product of the numbers in each
2� 2 sub-gridsAMRG , GRND , MBHR and
RHCN is divisible by 16?

Solution: NO! If the product in each 2� 2 sub-square is divisible by 16, then the
product of all the numbers is divisible by 16� 16� 16� 16 = 216. But it is easy to
see that

17� 18� 19� � � � � 32 = 215k;

wherek is an odd number. Hence the product of all the numbers in the grid is not
divisible by 216.

5. Let ABC be an acute-angled triangle and letH be its ortho-centre. For any point
P on the circum-circle of triangleABC , let Q be the point of intersection of the line
BH with the line AP . Show that there is a unique pointX on the circum-circle of
ABC such that for every point P 6= A; B , the circum-circle ofHQP pass through
X .

Solution: We consider two possibilities:Q lying betweenA and P; and P lying
betweenA and Q. (See the �gures.)

In the �rst case, we observe that

\ HXC = \ HXP + \ PXC = \ AQB + \ PAC;

sinceQ; H; X; P are concyclic andP; A; X; C are also concyclic. Thus we get

\ HXC = \ AQE + \ QAE = 90�

becauseBE ? AC.

2



In the second case, we have

\ HXC = \ HXP + \ PXC = \ HQP + \ PAC;

the �rst follows from H; X; Q; P are concyclic; the second follows from the concyclic-
ity of A; X; C; P . Again BE ? AC shows that \ HXC = 90� .

Thus for any point P 6= A; B on the circumcircle ofABC , the point X of intersection
of the circumcircles ofABC and HPQ is such that \ HXC = 90� . This meansX
is precisely the point of intersection of the circumcircles ofHEC and ABC , which
is independent ofP.

6. Let x1; x2; : : : ; x2014 be positive real numbers such that
P 2014

j =1 x j = 1. Determine
with proof the smallest constantK such that

K
2014X

j =1

x2
j

1 � x j
� 1:

Solution: Let us take the general case:f x1; x2; : : : ; xng are positive real numbers
such that

P n
k=1 xk = 1. Then

nX

k=1

x2
k

1 � xk
=

nX

k=1

x2
k � 1

1 � xk
+

nX

k=1

1
1 � xk

=
nX

k=1

(� 1 � xk) +
nX

k=1

1
1 � xk

:

Now the �rst sum is � n � 1. We can estimate the second sum using AM-HM
inequality:

nX

k=1

1
1 � xk

�
n2

P n
k=1 (1 � xk)

=
n2

n � 1
:

Thus we obtain
nX

k=1

x2
k

1 � xk
� � (1 + n) +

n2

n � 1
=

1
n � 1

:

Here equality holds if and only if all x j 's are equal. Thus we get the smallest
constant K such that

K
2014X

j =1

x2
j

1 � x j
� 1

to be 2014� 1 = 2013.
|||-0|||-
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Time: 3 hours December 07, 2014

Instructions:

� Calculators (in any form) and protractors are not allowed.

� Rulers and compasses are allowed.

� Answer all the questions.

� All questions carry equal marks. Maximum marks: 102.

� Answer to each question should start on a new page. Clearly
indicate the question number.

1. In an acute-angled triangleABC , \ ABC is the largest angle. The perpen-
dicular bisectors ofBC and BA intersect AC at X and Y respectively. Prove
that circumcentre of triangle ABC is incentre of triangle BXY .

2. Let x; y; z be positive real numbers. Prove that

y2 + z2

x
+

z2 + x2

y
+

x2 + y2

z
� 2(x + y + z):

3. Find all pairs of (x; y) of positive integers such that 2x + 7y divides 7x + 2y.

4. For any positive integer n > 1, let P(n) denote the largest prime not ex-
ceedingn. Let N (n) denote the next prime larger than P(n). (For example
P(10) = 7 and N (10) = 11, while P(11) = 11 and N (11) = 13.) If n + 1 is
a prime number, prove that the value of the sum

1
P(2)N (2)

+
1

P(3)N (3)
+

1
P(4)N (4)

+ � � � +
1

P(n)N (n)
=

n � 1
2n + 2

:

5. Let ABC be a triangle with AB > AC . Let P be a point on the line AB
beyond A such that AP + PC = AB . Let M be the mid-point of BC and let
Q be the point on the sideAB such that CQ ? AM . Prove that BQ = 2AP .

6. Let n be an odd positive integer and suppose that each square of ann � n
grid is arbitrarily �lled with either by 1 or by � 1. Let r j and ck denote the
product of all numbers in j -th row and k-th column respectively, 1 � j; k � n.
Prove that

nX

j =1

r j +
nX

k=1

ck 6= 0 :

|||-00|||-



Solutions to RMO-2014 problems

1. In an acute-angled triangleABC , \ ABC is the largest angle. The perpendicu-
lar bisectors ofBC and BA intersect AC at X and Y respectively. Prove that
circumcentre of triangleABC is incentre of triangleBXY .

Solution: Let D and E be the mid-points ofBC and AB respectively. SinceX
lies on the perpendicular bisector ofBC, we haveXB = XC . SinceXD ? BC
and XB = XC , it follows that XD bisects\ BXC . Similarly, Y E bisects\ BY A.
Hence the point of intersection ofXD and Y E is the incentre of 4 BXY . But
this point of intersection is also the circumcentre of4 ABC , being the point of
intersection of perpendicular bisectors ofBC and AB .

2. Let x; y; z be positive real numbers. Prove that

y2 + z2

x
+

z2 + x2

y
+

x2 + y2

z
� 2(x + y + z):

Solution: We write the inequality in the form

x2

y
+

y2

x
+

y2

z
+

z2

y
+

z2

x
+

x2

z
� 2(x + y + z):

We observe thatx2 + y2 � 2xy. Hencex2 + y2 � xy � xy. Multiplying both sides
by (x + y), we get

x3 + y3 = ( x + y)(x2 � xy + y2) � (x + y)xy:

Thus
x2

y
+

y2

x
� x + y:

Similarly, we obtain

y2

z
+

z2

y
� y + z;

z2

x
+

x2

z
� x + y:

Adding three inequalities, we get the required result.

3. Find all pairs of (x; y) of positive integers such that 2x + 7y divides 7x + 2y.

Solution: Let d = gcd(x; y). Then x = dx1 and y = dy1. We observe that 2x + 7y
divides 7x + 2y if and only if 2x1 + 7y1 divides 7x1 + 2y1. This means 2x1 + 7y1
should divide 49x1 + 14y1. But 2x1 + 7y1 divides 4x1 + 14y1. Hence 2x1 + 7y1
divides 45x1. Similarly, we can show that 2x1 + 7y1 divides 45y1. Hence 2x1 + 7y1
divides gcd(45x1; 45y1) = 45 gcd(x1; y1) = 45. Hence

2x1 + 7y1 = 9; 15 or 45:



If 2x1 + 7y1 = 9, then x1 = 1, y1 = 1. Similarly, 2x1 + 7y1 = 15 gives x1 = 4,
y1 = 1. If 2x1 + 7y1 = 45, then we get

(x1; y1) = (19 ; 1); (12; 3); (5; 5):

Thus all solutions are of the form

(x; y) = ( d; d); (4d; d); (19d; d); (12d;3d); (5d;5d):

4. For any positive integern > 1, let P(n) denote the largest prime not exceedingn.
Let N (n) denote the next prime larger thanP(n). (For example P(10) = 7 and
N (10) = 11, while P(11) = 11 and N (11) = 13.) If n + 1 is a prime number, prove
that the value of the sum

1
P(2)N (2)

+
1

P(3)N (3)
+

1
P(4)N (4)

+ � � � +
1

P(n)N (n)
=

n � 1
2n + 2

:

Solution: Let p and q be two consecutive primes,p < q. If we take anyn such that
p � n < q, we see thatP(n) = p and N (n) = q. Hence the term 1

pq occurs in the

sum q � p times. The contribution from such terms isq� p
pq = 1

p � 1
q. Sincen + 1 is

prime, we obtain

1
P(2)N (2)

+
1

P(3)N (3)
+

1
P(4)N (4)

+ � � � +
1

P(n)N (n)

=
�

1
2

�
1
3

�
+

�
1
3

�
1
5

�
+ � � � +

�
1
p

�
1

n + 1

�
=

1
2

�
1

n + 1
=

n � 1
2n + 2

:

Here p is used for the prime preceedingn + 1.

5. Let ABC be a triangale with AB > AC . Let P be a point on the lineAB beyond
A such that AP + PC = AB . Let M be the mid-point of BC and let Q be the
point on the sideAB such that CQ ? AM . Prove that BQ = 2AP .
Solution: Extend BP to F such PF =
PC. Then AF = AP + PF = AP + PC =
AB . Hence A is the mid-point of BF .
Since M is the mid-point of BC, it fol-
lows that AM k FC. But AM ? CQ.
HenceFC ? CQ at C. Therefore QCF
is a rigt-angled triangle. SincePC = PF,
it follows that \ PCF = \ PFC. Hence
\ PQC = \ PCQ which givesPQ = PC =
PF. This implies that P is the mid-point
of QF .

Thus we haveAP + AQ = PF and BQ + QA = AP + PF. This gives

2AP + AQ = PF + AP = BQ + QA:

We conclude thatBQ = 2AP .

2



6. Supposen is odd and each square of ann � n grid is arbitrarily �lled with either by
1 or by � 1. Let r j and ck denote the product of all numbers inj -th row and k-th
column respectively, 1� j; k � n. Prove that

nX

j =1

r j +
nX

k=1

ck 6= 0:

Solution: Suppose we change +1 to� 1 in a square. Then the product of the
numbers in that row changes sign. Similarly, the product of numbers in the column
also changes sign. Hence the sum

S =
nX

j =1

r j +
nX

k=1

ck

decreases by 4 or increases by 4 or remains same. Hence the new sum is congruent
to the old sum modulo 4. Let us consider the situation when all the squares have
+1. Then S = n + n = 2n = 2(2m + 1) = 4 m + 2. This means the sumS is is
always of the form 4l + 2 for any con�guration. Therefore the sum is not equal to 0.

|||-00|||-
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Regional Mathematical Olympiad-2014

Time: 3 hours December 07, 2014

Instructions:

� Calculators (in any form) and protractors are not allowed.

� Rulers and compasses are allowed.

� Answer all the questions.

� All questions carry equal marks. Maximum marks: 102.

� Answer to each question should start on a new page. Clearly
indicate the question number.

1. Let ABC be an acute-angled triangle and suppose\ ABC is the largest
angle of the triangle. Let R be its circumcentre. Suppose the circumcircle of
triangle ARB cuts AC again in X . Prove that RX is pependicular to BC .

2. Find all real numbers x and y such that

x2 + 2y2 +
1
2

� x(2y + 1) :

3. Prove that there does not exist any positive integern < 2310 such that
n(2310� n) is a multiple of 2310.

4. Find all positive real numbers x; y; z such that

2x � 2y +
1
z

=
1

2014
; 2y � 2z +

1
x

=
1

2014
; 2z � 2x +

1
y

=
1

2014
:

5. Let ABC be a triangle. Let X be on the segmentBC such that AB = AX .
Let AX meet the circumcircle � of triangle ABC again at D . Show that the
circumcentre of 4 BDX lies on �.

6. For any natural number n, let S(n) denote the sum of the digits ofn. Find
the number of all 3-digit numbers n such that S(S(n)) = 2.

|||-000|||-



Solutions to RMO-2014 problems

1. Let ABC be an acute-angled triangle and suppose\ ABC is the largest angle of the
triangle. Let R be its circumcentre. Suppose the circumcircle of triangleARB cuts
AC again in X . Prove that RX is pependicular toBC.

Solution: Extend RX to meet BC in E.
We show that \ XEC = 90� . Join RA,
RB and BX . Observe that \ AXB =
\ ARB = 2\ C and \ BXR = \ BAR =
90� � \ C. Hence\ EXC = 180� � 2\ C �
(90� � \ C) = 90 � � \ C. This shows that
\ CEX = 90� .

2. Find all real numbersx and y such that

x2 + 2y2 +
1
2

� x(2y + 1) :

Solution: We write the inequality in the form

2x2 + 4y2 + 1 � 4xy � 2x � 0:

Thus (x2 � 4xy + 4y2) + ( x2 � 2x + 1) � 0. Hence

(x � 2y)2 + ( x � 1)2 � 0:

Sincex; y are real, we know that (x � 2y)2 � 0 and (x � 1)2 � 0. Hence it follows
that ( x � 2y)2 = 0 and (x � 1)2 = 0. Therefore x = 1 and y = 1=2.

3. Prove that there does not exist any positive integern < 2310 such thatn(2310� n)
is a multiple of 2310.

Solution: Suppose there existsn such that 0< n < 2310 andn(2310� n) = 2310k.
Then n2 = 2310(n � k). But 2310 = 2 � 3 � 5 � 7 � 11, the product of primes.
Hencen � k = 2310l2 for somel. But n < 2310 and hencen � k < 2310. Hence
l = 0. This forces n = k and hencen2 = 2310(n � k) = 0. Thus n = 0 and we have
a contradiction.

4. Find all positive real numbersx; y; z such that

2x � 2y +
1
z

=
1

2014
; 2y � 2z +

1
x

=
1

2014
; 2z � 2x +

1
y

=
1

2014
:

Solution: Adding the three equations, we get

1
x

+
1
y

+
1
z

=
3

2014
:



We can also write the equations in the form

2zx � 2zy + 1 =
z

2014
; 2xy � 2xz + 1 =

x
2014

; 2yz � 2yx + 1 =
y

2014
:

Adding these, we also get
2014� 3 = x + y + z:

Therefore �
1
x

+
1
y

+
1
z

�
(x + y + z) =

3
2014

� (2014� 3) = 9:

Using AM-GM inequality, we therefore obtain

9 =
�

1
x

+
1
y

+
1
z

�
(x + y + z) � 9 � (xyz)1=3

�
1

xyz

� 1=3
= 9:

Hence equality holds in AM-GM inequality and we concludex = y = z. Thus

1
x

=
1

2014

which givesx = 2014. We conclude

x = 2014; y = 2014; z = 2014:

5. Let ABC be a triangle. LetX be on the segmentBC such that AB = AX . Let AX
meet the circumcircle � of triangle ABC again at D. Show that the circumcentre
of 4 BDX lies on �.

Solution: Draw perpendicular fromA to BC
and extend it to meet � in F . We show
that F is the circumcentre of4 BDX . Since
AB = AX , we observe thatF lies on the
perpendicular bisector ofBX . Join CF and
CD. We observe that\ ABX = \ CDX and
\ AXB = \ CXD . Hence4 ABX is similar
to 4 CDX . In particular 4 CDX is isosceles.

Moreover, \ BCF = \ BAF and \ DCF = \ DAF . SinceAF is the perpendicular
bisector of BX , it also bisects \ BAX . It follows that CF bisects \ DCX and
henceF lies on the perpendicular bisector ofDX . Together F is the circumcentre
of 4 BXD .

6. For any natural number n, let S(n) denote the sum of the digits ofn. Find the
number of all 3-digit numbersn such that S(S(n)) = 2.

Solution: Observe that S(S(n)) = 2 implies that S(n) = 2 ; 11 or 20. Hence we
have to �nd the number of all all 3 digit numbers abcsuch that a + b+ c = 2, 11

2



and 20. In fact we can enumerate all these:
a + b+ c = 2: abc= 101; 110; 200;

a + b+ c = 11; abc= 902; 920; 290; 209; 911; 191; 119; 803; 830; 308; 380;
812; 821; 182; 128; 218; 281; 731; 713; 317; 371; 137; 173; 722; 272; 227; 740; 704;

407; 470; 650; 605; 560; 506; 641; 614; 416; 461; 164; 146; 623; 632; 362; 326; 263; 236;
a + b+ c = 20; abc= 992; 929; 299; 983; 938; 398; 389; 839; 893; 974; 947; 794; 749;

479; 497; 965; 956; 659; 695; 596; 569; 884; 848; 488;
875; 875; 785; 758; 578; 587; 866; 686; 668; 776; 767; 677:

There are totally 85 three digit numbers having second digital sum equal to 2.

|||-00|||-
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Regional Mathematical Olympiad-2014

Time: 3 hours December 07, 2014

Instructions:

� Calculators (in any form) and protractors are not allowed.

� Rulers and compasses are allowed.

� Answer all the questions.

� All questions carry equal marks. Maximum marks: 102.

� Answer to each question should start on a new page. Clearly
indicate the question number.

1. Let ABCD be an isosceles trapezium having an incircle; letAB and CD be
the parallel sides and letCE be the perpendicular fromC on to AB . Prove
that CE is equal to the geometric mean ofAB and CD.

2. If x and y are positive real numbers, prove that

4x4 + 4y3 + 5x2 + y + 1 � 12xy:

3. Determine all pairs m > n of positive integers such that

1 = gcd(n + 1 ; m + 1) = gcd( n + 2 ; m + 2) = � � � = gcd(m; 2m � n):

4. What is the minimal area of a right-angled triangle whose inradius is 1 unit?

5. Let ABC be an acute-angled triangle and letI be its incentre. Let the
incircle of triangle ABC touch BC in D . The incircle of the triangle ABD
touchesAB in E ; the incircle of the triangle ACD touchesBC in F . Prove
that B; E; I; F are concyclic.

6. In the adjacent �gure, can the numbers
1; 2; 3; 4; � � � ; 18 be placed, one on each line seg-
ment, such that the sum of the numbers on the
three line segments meeting at each point is di-
visible by 3?

|||-0000|||-



Solutions to RMO-2014 problems

1. Let ABCD be an isosceles trapezium having an incircle; letAB and CD be the
parallel sides and letCE be the perpendicular fromC on to AB . Prove that CE is
equal to the geometric mean ofAB and CD.

Solution: SinceABCD has incircle, we haveAB + CD = AD + BC. We alos
know that AD = BC and \ A = \ B . Draw DF ? AB . Then 4 DFC �= 4 CEB .
HenceFE = CD, and AF = EB . Now

CE2 = BC 2 � BE 2:

Observe 2BC = BC + AD = AB + CD = 2FE + 2EB . HenceBC = FE + EB .
Thus

CE2 = ( FE + EB )2 � BE 2 = ( FE + 2EB )FE = AB � CD:

This shows that CE is the geometric mean ofAB and CD.

2. If x and y are positive real numbers, prove that

4x4 + 4y3 + 5x2 + y + 1 � 12xy:

Solution: We have from AM-GM inequality,

4x4 + 1 � 4x2; 4y3 + y = y(4y2 + 1) � 4y2:

Hence

4x4 + 4y3 + 5x2 + y + 1 � 4x2 + 4y2 + 5x2

= 9x2 + 4y2

� 2(
p

9 � 4)xy

= 12xy:

3. Determine all pairsm > n of positive integers such that

1 = gcd(n + 1; m + 1) = gcd( n + 2; m + 2) = � � � = gcd(m; 2m � n):

Solution: Observe that 1 = gcd(n + r; m + r ) = gcd(n + r; m � n). Thus each of the
m � n consecutive positive integersn + 1; n + 2; : : : ; m is coprime tom � n. Since
one of these is necessarily a multiple ofm � n, this is possible only whenm � n = 1.
Hence each pair is of the form (n; n + 1), where n 2 N.

4. What is the minimal area of a right-angled triangle whose inradius is 1 unit?



Solution: Let ABC be the right-angled tri-
angle with \ B = 90� . Let I be its incentre
and D be the point where the incircle touches
AB . Then s � b = AD = r = 1. We also
know that [ABC ] = rs = r (a + b+ c)=2 and
[ABC ] = ac=2. Thus

ac
2

=
a + b+ c

2
= ( a+ c)�

a + c � b
2

= ( a+ c)� 1:

Using AM-GM inequality, we get

ac
2

= a + c � 1 � 2
p

ac� 1:

Taking
p

ac = x, we getx2 � 4x + 2 � 0. Hence

x �
4 + 2

p
2

2
= 2 +

p
2:

Finally,

[ABC ] =
ac
2

�
(2 +

p
2)2

2
= 3 + 2

p
2:

Thus the least area of such a triangle is 3 + 2
p

2.

5. Let ABC be an acute-angled triangle and letI be its incentre. Let the incircle of
triangle ABC touch BC in D. The incircle of the triangle ABD touchesAB in
E; the incircle of the triangle ACD touchesBC in F . Prove that B; E; I; F are
concyclic.

Solution: We know BD = s � b and DC =
s� c, wheres is the semiperimeter of4 ABC .
Let the incircle of4 ABD touch BC in P and
let AD = l. Then

DP =
l + BD � c

2
=

l + s � c � b
2

:

Similarly, we can compute DF =
l + s � c � b

2
. Therefore DP = DF .

But ID ? BC. Hence I is on the per-
pendicular bisector of PF. This gives
IP = IF .

Draw IQ ? AB . Then B; Q; I; D are concyclic so that\ QID = 180� � \ B .
SinceDP = DF and IP = IF , the triangles IDP and IDF are congruent. But
IDP is congruent to IQE . It follows that 4 IDF �= 4 IQE . This shows that
\ QIE = \ DIF . Therefore \ QID = \ EIF . But \ QID = 180� � \ B . Hence
\ EIF = 180� � \ B . ThereforeB; E; I; F are concyclic.

2



6. In the adjacent �gure, can the num-
bers 1; 2; 3; 4; � � � ; 18 be placed, one on
each line segment, such that the sum of
the numbers on the three line segments
meeting at each point is divisible by 3?

Solution: We group the numbers 1 to 18 in to 3 groups: those leaving remainder 0
when divided by 3; those leaving remainder 1; and those leaving remainder 2. Thus
the groups are:

f 3; 6; 9; 12; 15; 18g, f 1; 4; 7; 10; 13; 16g, f 2; 5; 8; 11; 14; 17g
Now we put the numbers in such a way that each of the three line segments con-
verging to a vertex gets one number from each set. For example, here is one such
arrangement:

|||-00|||-
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Regional Mathematical Olympiad 2014 (Mumbai region)

� There are six questions in this question paper. Answer all questions.

� Each question carries 10 points.

� Use of protractors, calculators, mobile phone is forbidden.

� Time allotted: 3 hours

1. Three positive real numbersa, b, c are such that a2 + 5b2 + 4c2 � 4ab� 4bc= 0. Can a, b, c
be the lengths of the sides of a triangle? Justify your answer.

2. The roots of the equation

x3 � 3ax2 + bx + 18c = 0

form a non-constant arithmetic progression and the roots of the equation

x3 + bx2 + x � c3 = 0

form a non-constant geometric progression. Given thata, b, c are real numbers, �nd all
positive integral values a and b.

3. Let ABC be an acute-angled triangle in which\ ABC is the largest angle. Let O be its
circumcentre. The perpendicular bisectors ofBC and AB meet AC at X and Y respectively.
The internal bisectors of \ AXB and \ BY C meet AB and BC at D and E respectively.
Prove that BO is perpendicular to AC if DE is parallel to AC .

4. A person moves in thex � y plane moving along points with integer co-ordinatesx and y
only. When she is at point (x; y), she takes a step based on the following rules:

(a) if x + y is even she moves to either (x + 1 ; y) or (x + 1 ; y + 1);

(b) if x + y is odd she moves to either (x; y + 1) or ( x + 1 ; y + 1).

How many distinct paths can she take to go from (0; 0) to (8; 8) given that she took exactly
three steps to the right ((x; y) to ( x + 1 ; y))?

5. Let a, b, c be positive numbers such that

1
1 + a

+
1

1 + b
+

1
1 + c

� 1.

Prove that (1 + a2)(1 + b2)(1 + c2) � 125. When does the equality hold?

6. Let D , E , F be the points of contact of the incircle of an acute-angled triangleABC with
BC , CA, AB respectively. Let I 1, I 2, I 3 be the incentres of the trianglesAFE , BDF , CED ,
respectively. Prove that the lines I 1D, I 2E, I 3F are concurrent.

GOOD LUCK
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Solutions to problems of RMO 2014 (Mumbai region)

1. Three positive real numbers a, b, c are such that a2 + 5b2 + 4c2 � 4ab� 4bc= 0 . Can
a, b, c be the lengths of the sides of a triangle? Justify your answer.

Solution

No. Note that a2 + 5b2 + 4c2 � 4ab� 4bc= ( a � 2b)2 + ( b� 2c)2 = 0 ) a : b : c = 4 : 2 : 1 )
b+ c : a = 3 : 4. The triangle inequality is violated.

2. The roots of the equation

x3 � 3ax2 + bx + 18c = 0

form a non-constant arithmetic progression and the roots of the equation

x3 + bx2 + x � c3 = 0

form a non-constant geometric progression. Given that a, b, c are real numbers,
�nd all positive integral values a and b.

Solution

Let � � d, � , � + d (d 6= 0) be the roots of the �rst equation and let �=r , � , �r (r > 0 and
r 6= 1) be the roots of the second equation. It follows that � = a , � = c and

a3 � ad2 = � 18c; 3a2 � d2 = b; (1)

c(1=r + 1 + r ) = � b; c2(1=r + 1 + r ) = 1 : (2)

Eliminating d, r and c yields
ab2 � 2a3b� 18 = 0; (3)

whenceb = a2 � (1=a)
p

a6 + 18a. For positive integral values of a and b it must be that
a6 + 18a is a perfect square. Letx2 = a6 + 18a. Then a3 < x 2 < a 3 + 1 for a > 2 and hence
no solution. For a = 1 there is no solution. For a = 2, x = 10 and b = 9. Thus the admissible
pair is (a; b) = (2 ; 9).

3. Let ABC be an acute-angled triangle in which \ ABC is the largest angle. Let O
be its circumcentre. The perpendicular bisectors of BC and AB meet AC at X
and Y respectively. The internal bisectors of \ AXB and \ BY C meet AB and BC
at D and E respectively. Prove that BO is perpendicular to AC if DE is parallel
to AC .

Solution

Observe that triangles AY B and BXC are isosceles (AY = BY and BX = CX ). This
implies \ BY C = 2 \ BAC and \ AXB = 2 \ ACB . Since XD and Y E are angle bisectors
we have \ AXD = \ ACB and \ CY E = \ CAB . HenceXD is parallel to BC and Y E is
parallel to AB . Therefore

CE
EB

=
CY
AY

(4)

and
AD
DB

=
AX
CX

: (5)

1



Now, if DE is parallel to AC then
CE
EB

=
AD
DB

. Therefore we must have

CY
AY

=
AX
CX

: (6)

But then
CY
AY

+ 1 =
AX
CX

+ 1 )
AC
AY

=
AC
CX

) AY = CX: (7)

HenceBY = AY = CX = BX . Thus \ BXY = \ BY X i.e \ AXB = \ BY C or \ ACB =
\ BAC i.e triangle ABC is isosceles withAB = CB. HenceBO is the perpendicular bisector
of AC .

4. A person moves in the x � y plane moving along points with integer co-ordinates
x and y only. When she is at point (x; y), she takes a step based on the following
rules:

(a) if x + y is even she moves to either (x + 1 ; y) or (x + 1 ; y + 1) ;

(b) if x + y is odd she moves to either (x; y + 1) or (x + 1 ; y + 1) .

How many distinct paths can she take to go from (0; 0) to (8; 8) given that she
took exactly three steps to the right ((x; y) to (x + 1 ; y))?

Solution

We note that she must also take three up steps and �ve diagonal steps. Now, a step to the
right or an upstep changes the parity of the co-ordinate sum, and a diagonal step does not
change it. Therefore, between two right steps there must be an upstep and similarly between
two upsteps there must be a right step. We may, therefore write

HV HV HV

The diagonal steps may be distributed in any fashion before, in between and after the HV
sequence. The required number is nothing but the number of ways of distributing 5 identical
objects into 7 distinct boxes and is equal to

� 11
6

�
.

5. Let a, b, c be positive numbers such that

1
1 + a

+
1

1 + b
+

1
1 + c

� 1.

Prove that (1 + a2)(1 + b2)(1 + c2) � 125. When does the equality hold?

Solution

1
1 + a

+
1

1 + b
+

1
1 + c

� 1 )
a

1 + a
�

1
1 + b

+
1

1 + c
: (8)

Similarly,
b

1 + b
�

1
1 + a

+
1

1 + c
;

c
1 + c

�
1

1 + a
+

1
1 + c

: (9)

Apply AM-GM to get that

a
1 + a

�
2

p
(1 + b)(1 + c)

;
b

1 + b
�

2
p

(1 + a)(1 + c)
;

c
1 + c

�
2

p
(1 + a)(1 + b)

: (10)

2



Multiplying these results we get
abc� 8: (11)

Now take

F = (1 + a2)(1 + b2)(1 + c2) � 1 + a2 + b2 + c2 + a2b2 + b2c2 + c2a2 + a2b2c2 (12)

and apply AM-GM to a2; b2; c2 and to a2b2; b2c2; c2a2 to get

F � 1 + 3(a2b2c2)1=3 + 3( a4b4c4)1=3 + a2b2c2 = [1 + ( a2b2c2)1=3]3 � [1 + 82=3]3 = 125: (13)

Wherein the equality holds when a = b = c = 2.

6. Let D , E , F be the points of contact of the incircle of an acute-angled triangle
ABC with BC , CA, AB respectively. Let I 1, I 2, I 3 be the incentres of the triangles
AFE , BDF , CED , respectively. Prove that the lines I 1D, I 2E, I 3F are concurrent.

Solution

Observe that \ AFE = \ AEF = 90 � � A=2 and \ FDE = \ AEF = 90 � � A=2. Again
\ EI 1F = 90 � + A=2. Thus

\ EI 1F + \ FDE = 180� .

HenceI 1 lies on the incircle. Also

\ I 1FE = (1 =2)\ AFE = (1 =2)\ AEF = \ I 1EF: (14)

Thus I 1E = I 1F . But then they are equal chords of a circle and so they must subtend equal
angles at the circumference. Therefore\ I 1DF = \ I 1DE and soI 1D is the internal bisector
of \ FDE . Similarly we can show that I 2E and I 3F are internal bisectors of \ DEF and
\ DFE respectively. Thus the three linesI 1D, I 2E, I 3F are concurrent at the incentre of
triangle DEF .

3



Regional Mathematical Olympiad-2015

Time: 3 hours December 06, 2015

Instructions:

� Calculators (in any form) and protractors are not allowed.

� Rulers and compasses are allowed.

� Answer all the questions.

� All questions carry equal marks. Maximum marks: 102.

� Answer to each question should start on a new page. Clearly
indicate the question number.

1. In a cyclic quadrilateral ABCD , let the diagonals AC and BD intersect at
X . Let the circumcircles of triangles AXD and BXC intersect again at Y .
If X is the incentre of triangle ABY , show that \ CAD = 90 � .

2. Let P1(x) = x2 + a1x + b1 and P2(x) = x2 + a2x + b2 be two quadratic poly-
nomials with integer coe�cients. Suppose a1 6= a2 and there exist integers
m 6= n such that P1(m) = P2(n), P2(m) = P1(n). Prove that a1 � a2 is even.

3. Find all fractions which can be written simultaneously in the forms
7k � 5
5k � 3

and
6l � 1
4l � 3

, for some integersk; l .

4. Suppose 28 objects are placed along a circle at equal distances. In how many
ways can 3 objects be chosen from among them so that no two of the three
chosen objects are adjacent nor diametrically opposite?

5. Let ABC be a right triangle with \ B = 90 � . Let E and F be respectively
the mid-points of AB and AC . Suppose the incentreI of triangle ABC lies
on the circumcircle of triangle AEF . Find the ratio BC=AB .

6. Find all real numbers a such that 3 < a < 4 and a(a � 3f ag) is an integer.
(Here f ag denotes the fractional part of a. For example f 1:5g = 0 :5; f� 3:4g
= 0 :6.)
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CRMO-2015 questions and solutions
1. In a cyclic quadrilateral ABCD , let the diagonals AC and BD intersect at X . Let the

circumcircles of triangles AXD and BXC intersect again at Y . If X is the incentre of
triangle ABY , show that \ CAD = 90 � .

Solution: Given that X is the incentre of tri-
angle ABY , we have \ BAX = \ XAY . There-
fore, \ BDC = \ BAC = \ BAX = \ XAY =
\ XDY = \ BDY . This shows that C; D; Y are
collinear. Therefore, \ CY X + \ XY D = 180� .
But the left-hand side equals (180� � \ CBD ) +
(180� � \ CAD ). Since \ CBD = \ CAD , we ob-
tain 180� = 360� � 2\ CAD . This shows that
\ CAD = 90 � .

2. Let P1(x) = x2 + a1x + b1 and P2(x) = x2 + a2x + b2 be two quadratic polynomials with
integer coe�cients. Supposea1 6= a2 and there exist integersm 6= n such that P1(m) = P2(n),
P2(m) = P1(n). Prove that a1 � a2 is even.

Solution: We have

m2 + a1m + b1 = n2 + a2n + b2

n2 + a1n + b1 = m2 + a2m + b2:

Hence
(a1 � a2)(m + n) = 2( b2 � b1); (a1 + a2)(m � n) = 2( n2 � m2):

This shows that a1 + a2 = � 2(n + m). Hence

4(b2 � b1) = a2
2 � a2

1:

Sincea1 + a2 and a1 � a2 have same parity, it follows that a1 � a2 is even.

3. Find all fractions which can be written simultaneously in the forms
7k � 5
5k � 3

and
6l � 1
4l � 3

, for

some integersk; l .

Solution: If a fraction is simultaneously in the forms
7k � 5
5k � 3

and
6l � 1
4l � 3

, we must have

7k � 5
5k � 3

=
6l � 1
4l � 3

:

This simpli�es to kl + 8k + l � 6 = 0. We can write this in the form

(k + 1)( l + 8) = 14 :

Now 14 can be factored in 8 ways: 1� 14, 2� 7, 7 � 2, 14� 1, (� 1) � (� 14), (� 2) � (� 7),
(� 7) � (� 2) and (� 14) � (� 1). Thus we get 8 pairs:

(k; l ) = (13 ; � 7); (6; � 6); (1; � 1); (0; 6); (� 15; � 9); (� 8; � 10); (� 3; � 15); (� 2; � 22):

These lead respectively to 8 fractions:

43
31

;
31
27

; 1;
55
39

;
5
3

;
61
43

;
19
13

;
13
9

:



4. Suppose 28 objects are placed along a circle at equal distances. In how many ways can 3
objects be chosen from among them so that no two of the three chosen objects are adjacent
nor diametrically opposite?

Solution: One can choose 3 objects out of 28 objects in
� 28

3

�
ways. Among these choices

all would be together in 28 cases; exactly two will be together in 28� 24 cases. Thus three
objects can be chosen such that no two adjacent in

� 28
3

�
� 28� (28� 24) ways. Among these,

furthrer, two objects will be diametrically opposite in 14 ways and the third would be on
either semicircle in a non adjacent portion in 28� 6 = 22 ways. Thus required number is

�
28
3

�
� 28� (28 � 24) � (14 � 22) = 2268:

5. Let ABC be a right triangle with \ B = 90 � . Let E and F be respectively the mid-points
of AB and AC . Suppose the incentreI of triangle ABC lies on the circumcircle of triangle
AEF . Find the ratio BC=AB .

Solution: Draw ID ? AC . Then ID = r , the inradius of 4 ABC . ObserveEF k BC and
hence\ AEF = \ ABC = 90 � . Hence\ AIF = 90 � . Therefore ID 2 = FD � DA . If a > c,
then FA > DA and we have

DA = s � a; and FD = FA � DA =
b
2

� (s � a):

Thus we obtain

r 2 =
(b+ c � a)(a � c)

4
:

But r = ( c + a � b)=2. Thus we obtain

(c + a � b)2 = ( b+ c � a)(a � c):

Simpli�cation gives 3b = 3a + c. Squaring both sides and usingb2 = c2 + a2, we obtian
4c = 3a. HenceBC=BA = a=c= 4=3.
(If a � c, then I lies outside the circumcircle ofAEF .)

6. Find all real numbers a such that 3 < a < 4 and a(a � 3f ag) is an integer. (Heref ag denotes
the fractional part of a. For example f 1:5g = 0 :5; f� 3:4g = 0 :6.)

Solution: Let a = 3 + f , where 0< f < 1. We are given that (3 + f )(3 � 2f ) is an integer.
This implies that 2 f 2 + 3 f is an integer. Since 0< f < 1, we have 0< 2f 2 + 3 f < 5.
Therefore 2f 2 + 3 f can take 1; 2; 3 or 4. Equating 2f 2 + 3 f to each one of them and using
f > 0, we get

f =
� 3 +

p
17

4
;

1
2

;
� 3 +

p
33

4
;

� 3 +
p

41
4

:

Therefore a takes the values:

a = 3 +
� 3 +

p
17

4
; 3

1
2

; 3 +
� 3 +

p
33

4
; 3 +

� 3 +
p

41
4

:

|||-0|||-
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Regional Mathematical Olympiad-2015

Time: 3 hours December 06, 2015

Instructions:

� Calculators (in any form) and protractors are not allowed.

� Rulers and compasses are allowed.

� Answer all the questions.

� All questions carry equal marks. Maximum marks: 102.

� Answer to each question should start on a new page. Clearly
indicate the question number.

1. Let ABC be a triangle. Let B 0 and C0 denote respectively the reection of
B and C in the internal angle bisector of \ A. Show that the triangles ABC
and AB 0C0 have the same incentre.

2. Let P(x) = x2 + ax + b be a quadratic polynomial with real coe�cients.
Suppose there are real numberss 6= t such that P(s) = t and P(t) = s.
Prove that b� st is a root of the equation x2 + ax + b� st = 0.

3. Find all integers a; b; csuch that

a2 = bc+ 1 ; b2 = ca+ 1 :

4. Suppose 32 objects are placed along a circle at equal distances. In how many
ways can 3 objects be chosen from among them so that no two of the three
chosen objects are adjacent nor diametrically opposite?

5. Two circles � and � in the plane intersect at two distinct points A and B ,
and the centre of � lies on �. Let points C and D be on � and �, respectively,
such that C; B and D are collinear. Let point E on � be such that DE is
parallel to AC . Show that AE = AB .

6. Find all real numbers a such that 4 < a < 5 and a(a � 3f ag) is an integer.
(Here f ag denotes the fractional part of a. For example f 1:5g = 0 :5; f� 3:4g
= 0 :6.)
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CRMO-2015 questions and solutions

1. Let ABC be a triangle. Let B 0 and C0 denote respectively the reection of B and C in
the internal angle bisector of \ A. Show that the triangles ABC and AB 0C0 have the same
incentre.

Solution: Join BB 0 and CC0. Let the internal angle
bisector ` of \ A meet BB 0 in E and CC0 in F . Since
B 0 is the reection of B in `, we observe thatBB 0 ? `
and BE = EB 0. HenceB 0 lies onAC . Similarly, C0 lies
on the line AB .
Let D be the point of intersection of BC and B 0C0.
Observe that BB 0 k C0C. Moreover the triangles ABC
is congruent to AB 0C0: this follows from the observation
that AB = AB 0 and AC = AC 0 and the included angle
\ A is common. HenceBC 0 = B 0C so that C0CB 0B is
an isosceles trapezium. This means that the intesection
point D of its diagonal lies on the perpendicular bisector
of its parallel sides. Thus` passes throughD. We also
observe that CD = C0D.
Let I be the incentre of4 ABC . This means that CI bisects\ C. HenceAI=ID = AC=CD.
But AC = AC 0 and CD = C0D. Hence we also get thatAI=ID = AC 0=C0D. This implies
that C0I bisects \ AC 0B 0. Therefore the two angle bisectors of4 AC 0B 0 meet at I . This
shows that I is also the incentre of4 AC 0B 0.

2. Let P(x) = x2 + ax + b be a quadratic polynomial with real coe�cients. Suppose there are
real numbers s 6= t such that P(s) = t and P(t) = s. Prove that b � st is a root of the
equation x2 + ax + b� st = 0.

Solution: We have

s2 + as + b = t;

t2 + at + b = s:

This gives
(s2 � t2) + a(s � t) = ( t � s):

Sinces 6= t, we obtain s + t + a = � 1. Adding the equations, we obtain

s2 + t2 + a(s + t) + 2 b = ( s + t):

Therefore
(s + t)2 � 2st + a(s + t) + 2 b = ( s + t):

Using s + t = � (1 + a), we obtain

(1 + a)2 � 2st � a(1 + a) + 2 b = � 1 � a:

Simpli�cation gives st = 1+ a+ b = P(1). This shows that x = 1 is a root of x2+ ax+ b� st = 0.
Since the product of roots isb� st, the other root is b� st.



3. Find all integers a; b; csuch that

a2 = bc+ 1 ; b2 = ca+ 1 :

Solution: Supposea = b. Then we get one equation: a2 = ac + 1. This reduces to
a(a � c) = 1. Therefore a = 1, a � c = 1; and a = � 1, a � c = � 1. Thus we get
(a; b; c) = (1 ; 1; 0) and (� 1; � 1; 0).

If a 6= b, subtracting the second relation from the �rst we get

a2 � b2 = c(b� a):

This gives a + b = � c. Substituting this in the �rst equation, we get

a2 = b(� a � b) + 1 :

Thus a2 + b2 + ab= 1. Multiplication by 2 gives

(a + b)2 + a2 + b2 = 2 :

Thus (a; b) = (1 ; � 1), (� 1; 1), (1; 0), (� 1; 0), (0; 1), (0; � 1). We get respectively c =
0; 0; � 1; 1; � 1; 1. Thus we get the triples:

(a; b; c) = (1 ; 1; 0); (� 1; � 1; 0); (1; � 1; 0); (� 1; 1; 0); (1; 0; � 1); (� 1; 0; 1); (0; 1; � 1); (0; � 1; 1):

4. Suppose 32 objects are placed along a circle at equal distances. In how many ways can 3
objects be chosen from among them so that no two of the three chosen objects are adjacent
nor diametrically opposite?

Solution: One can choose 3 objects out of 32 objects in
� 32

3

�
ways. Among these choices

all would be together in 32 cases; exactly two will be together in 32� 28 cases. Thus three
objects can be chosen such that no two adjacent in

� 32
3

�
� 32� (32� 28) ways. Among these,

furthrer, two objects will be diametrically opposite in 16 ways and the third would be on
either semicircle in a non adjacent portion in 32� 6 = 26 ways. Thus required number is

�
32
3

�
� 32� (32 � 28) � (16 � 26) = 3616:

5. Two circles � and � in the plane intersect at two distinct points A and B , and the centre
of � lies on �. Let points C and D be on � and �, respectively, such that C; B and D are
collinear. Let point E on � be such that DE is parallel to AC . Show that AE = AB .

Solution: If O is the centre of �, then we have

\ AEB =
1
2

\ AOB =
1
2

(180� � \ ACB )

=
1
2

\ EDB =
1
2

�
180� � \ EAB

�
= 90 � �

1
2

\ EAB :

But we know that \ AEB + \ EAB + \ EBA = 180� .

Therefore

\ EBA = 180� � \ AEB � \ EAB = 180� � 90� +
1
2

\ EAB � \ EAB = 90 � �
1
2

\ EAB:

This shows that \ AEB = \ EBA and henceAE = AB .

2



6. Find all real numbers a such that 4 < a < 5 and a(a � 3f ag) is an integer. (Heref ag denotes
the fractional part of a. For example f 1:5g = 0 :5; f� 3:4g = 0 :6.)

Solution: Let a = 4 + f , where 0< f < 1. We are given that (4 + f )(4 � 2f ) is an integer.
This implies that 2 f 2 + 4 f is an integer. Since 0< f < 1, we have 0< 2f 2 + 4 f < 6.
Therefore 2f 2 + 4 f can take 1; 2; 3; 4 or 5. Equating 2f 2 + 4 f to each one of them and using
f > 0, we get

f =
� 2 +

p
6

2
;

� 2 +
p

8
2

;
� 2 +

p
10

2
;

� 2 +
p

12
2

;
� 2 +

p
14

2
:

Therefore a takes the values:

a = 3 +

p
6

2
; 3 +

p
8

2
; 3 +

p
10
2

; 3 +

p
12
2

; 3 +

p
14
2

:
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Time: 3 hours December 06, 2015

Instructions:

� Calculators (in any form) and protractors are not allowed.

� Rulers and compasses are allowed.

� Answer all the questions.

� All questions carry equal marks. Maximum marks: 102.

� Answer to each question should start on a new page. Clearly
indicate the question number.

1. Two circles � and �, with centres O and O0, respectively, are such thatO0

lies on �. Let A be a point on � and M the midpoint of the segment AO0.
If B is a point on � di�erent from A such that AB is parallel to OM , show
that the midpoint of AB lies on �.

2. Let P(x) = x2 + ax + b be a quadratic polynomial wherea and b are real
numbers. SupposehP(� 1)2; P(0)2; P(1)2i is an arithmetic progression of
integers. Prove that a and b are integers.

3. Show that there are in�nitely many triples ( x; y; z) of integers such that
x3 + y4 = z31.

4. Suppose 36 objects are placed along a circle at equal distances. In how many
ways can 3 objects be chosen from among them so that no two of the three
chosen objects are adjacent nor diametrically opposite?

5. Let ABC be a triangle with circumcircle � and incentre I . Let the internal
angle bisectors of\ A, \ B and \ C meet � in A0, B 0 and C0 respectively.
Let B 0C0 intersect AA 0 in P and AC in Q, and let BB 0 intersect AC in R.
Suppose the quadrilateralP IRQ is a kite; that is, IP = IR and QP = QR.
Prove that ABC is an equilateral triangle.

6. Show that there are in�nitely many positive real numbers a which are not
integers such thata(a� 3f ag) is an integer. (Heref ag denotes the fractional
part of a. For example f 1:5g = 0 :5; f� 3:4g = 0 :6.)
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CRMO-2015 questions and solutions

1. Two circles � and �, with centres O and O0, respectively, are such thatO0 lies on �. Let A
be a point on � and M the midpoint of the segment AO0. If B is a point on � di�erent from
A such that AB is parallel to OM , show that the midpoint of AB lies on �.

Solution: Let C be the reection of O0 with re-
spect toO. Then in triangle O0AC , the midpoints
of the segmentsO0A and O0C are M and O, re-
spectively. This implies AC is parallel to OM ,
and henceB lies on AC . Let the line AC inter-
sect � again at N . SinceO0C is a diameter of �
it follows that \ O0NC = 90 � . SinceO0A = O0B ,
we can now conclude thatN is the midpoint of
the segmentAB .

2. Let P(x) = x2 + ax + b be a quadratic polynomial wherea and b are real numbers. Suppose
hP(� 1)2; P(0)2; P(1)2i is an arithmetic progression of integers. Prove that a and b are
integers.

Solution: Observe that

P(� 1) = 1 � a + b; P(0) = b; P(1) = 1 + a + b:

The given condition gives

2b2 = (1 � a + b)2 + (1 + a + b)2 = 2(1 + b)2 + 2a2 = 2 + 4 b+ 2b2 + 2a2:

Hencea2 + 2b+ 1 = 0. Observe

1 + a2 + b2 + 2a + 2b+ 2ab= (1 + a + b)2 2 Z:

But 1; b2; 2a2 + 4b are all integers. Hence 4a + 4ab2 Z. This gives 16a2(1 + b)2 is an integer.
But a2 = � (2b+ 1). Hence 16(2b+ 1)(1 + b)2 is an integer. But

16(2b+ 1)(1 + b)2 = 16(1 + 4 b+ 5b2 + 2b3):

Hence 16b(4 + 2b2) is an integer. If b = 0, then b is an integer. Otherwise, this shows thatb
is a rational number. Becauseb2 2 Z, it follows that b is an integer. Sincea2 = � (2b+ 1),
we get that a2 is an integer. Now 4a(1 + b) 2 Z. If b 6= � 1, then a is rational and hencea is
an integer. If b = � 1, then we see thatP(� 1) = � a, P(0) = b = � 1 and P(1) = a. Hence
a2; 1; a2 is an AP. This implies that a2 = 1 and hencea = � 1.

3. Show that there are in�nitely many triples ( x; y; z) of integers such that x3 + y4 = z31.

Solution: Choosex = 2 4r and y = 2 3r . Then the left side is 212r +1 . If we take z = 2 k ,
then we get 212r +1 = 2 31k . Thus it is su�cient to prove that the equation 12 r + 1 = 31 k
has in�nitely many solutions in integers. Observe that (12 � 18) + 1 = 31 � 7. If we choose
r = 31l + 18 and k = 12l + 7, we get

12(31l + 18) + 1 = 31(12 l + 7) ;

for all l . Choosing l 2 N, we get in�nitely many r = 31l + 18 and k = 12l + 7 such that
12r + 1 = 31 k. Going back we have in�nitely many ( x; y; z) of integers satisfying the given
equation.



4. Suppose 36 objects are placed along a circle at equal distances. In how many ways can 3
objects be chosen from among them so that no two of the three chosen objects are adjacent
nor diametrically opposite?

Solution: One can choose 3 objects out of 36 objects in
� 36

3

�
ways. Among these choices

all would be together in 36 cases; exactly two will be together in 36� 32 cases. Thus three
objects can be chosen such that no two adjacent in

� 36
3

�
� 36� (36� 32) ways. Among these,

furthrer, two objects will be diametrically opposite in 18 ways and the third would be on
either semicircle in a non adjacent portion in 36� 6 = 30 ways. Thus required number is

�
36
3

�
� 36� (36 � 32) � (18 � 30) = 5412:

5. Let ABC be a triangle with circumcircle � and incentre I . Let the internal angle bisectors
of \ A, \ B and \ C meet � in A0, B 0 and C0 respectively. Let B 0C0 intersect AA 0 in P and
AC in Q, and let BB 0 intersect AC in R. Suppose the quadrilateralP IRQ is a kite; that is,
IP = IR and QP = QR. Prove that ABC is an equilateral triangle.

Solution: We �rst show that AA 0 is perpendicular to B 0C0. Observe\ C0A0A = \ C0CA =
\ C=2; \ A0C0C = \ A0AC = \ A=2; and \ CC0B 0 = \ CBB 0 = \ B=2. Hence

\ C0AP + \ AC 0P = \ C0AB + \ BAP + \ AC 0P =
\ C
2

+
\ A
2

+
\ B
2

= 90 � :

It follows that \ APC 0 = \ A0PC0 = 90 � . Thus \ IPQ = 90 � . Since P IRQ is a kite, we
observe that \ IPR = \ IRP and \ QPR = \ QRP . This implies that \ IRQ = 90 � . Hence
the kite IRQP is also a cyclic quadrilateral. Since\ IRQ = 90 � , we see thatBB 0 ? AC .
SinceBB 0 is the bisector of \ B , we conclude that \ A = \ C.

We also observe that the trianglesIRC and IPB 0 are congruent triangles: they are similar,
since \ IRC = \ IPB 0 = 90 � and \ ICR = \ C=2 = \ IB 0P(= \ BCC 0); besidesIR = IP .
Therefore IC = IB 0. But B 0I = B 0C. Thus IB 0C is an equilateral triangle. This means
\ B 0IC = 60 � and hence\ ICR = 30 � . Therefore \ C=2 = 30� . Hence\ A = \ C = 60 � . It
follows that ABC is equilateral.

6. Show that there are in�nitely many positive real numbers a which are not integers such that
a(a � 3f ag) is an integer. (Here f ag denotes the fractional part of a. For example f 1:5g =
0:5; f� 3:4g = 0 :6.)

2



Solution: We show that for each integern � 0, the interval ( n; n + 1) contains a such that
a(a � 3f ag) is an integer. Put a = n + f , where 0 < f < 1. Then (n + f )(n � 2f ) must
be an integer. This means 2f 2 + nf must be an integer. Since 0< f < 1, we must have
0 < 2f 2 + nf < 2 + n. Hence 2f 2 + nf 2 f 1; 2; 3; : : : ; n + 1g. Taking 2f 2 + nf = 1, we get a
quadratic equation:

2f 2 + nf � 1 = 0:

Hence

f =
� n +

p
n2 + 8

4
; and a = n +

� n +
p

n2 + 8
4

:

Thus we see that eacha in the set
(

n +
� n +

p
n2 + 8

4
: n 2 N

)

is a real number, which is not an integer, such thata(a � 3f ag) is an integer.

Remark: Each interval (n; n + 1) contains n + 1 such numbers, for n � 0, n an integer.

|||-000|||-
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Regional Mathematical Olympiad-2015

Time: 3 hours December 06, 2015

Instructions:

� Calculators (in any form) and protractors are not allowed.

� Rulers and compasses are allowed.

� Answer all the questions.

� All questions carry equal marks. Maximum marks: 102.

� Answer to each question should start on a new page. Clearly
indicate the question number.

1. Let ABC be a triangle. Let B 0 denote the reection of B in the internal
angle bisector` of \ A. Show that the circumcentre of the triangle CB 0I lies
on the line `, where I is the incentre of ABC .

2. Let P(x) = x2 + ax + b be a quadratic polynomial wherea is real and b is
rational. SupposeP(0)2, P(1)2, P(2)2 are integers. Prove that a and b are
integers.

3. Find all integers a; b; csuch that

a2 = bc+ 4 ; b2 = ca+ 4 :

4. Suppose 40 objects are placed along a circle at equal distances. In how many
ways can 3 objects be chosen from among them so that no two of the three
chosen objects are adjacent nor diametrically opposite?

5. Two circles � and � intersect at two distinct points A and B . A line through
B intersects � and � again at C and D, respectively. Suppose thatCA =
CD. Show that the centre of � lies on �.

6. How many integersm satisfy both the following properties:
(i) 1 � m � 5000; (ii)

� p
m

�
=

� p
m + 125

�
?

(Here [x] denotes the largest integer not exceedingx, for any real number
x.)
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CRMO-2015 questions and solutions

1. Let ABC be a triangle. Let B 0 denote the reection of B in the internal angle bisector `
of \ A. Show that the circumcentre of the triangle CB 0I lies on the line `, where I is the
incentre of ABC .

Solution: Let the line ` meet the circumcircle of
ABC in E. Then E is the midpoint of the minor
arc BC . HenceEB = EC.
Note that \ EBC = \ EAC = A=2 and \ IBC =
B=2. Hence

\ BIE = \ ABI + \ BAI = B=2 + A=2:

We also have

\ IBE = \ IBC + \ CBE = B=2 + A=2:
Therefore \ BIE = \ IBE , so that EB = EI . Since AE is the perpendicular bisector of
BB 0, we also haveEB = EB 0. Thus we get

EB 0 = EC = EI:

This implies that E is the circumcentre of 4 CB 0I

2. Let P(x) = x2 + ax + b be a quadratic polynomial wherea is real and b 6= 2 is rational.
SupposeP(0)2, P(1)2, P(2)2 are integers. Prove that a and b are integers.

Solution: We have P(0) = b. Sinceb is rational and b2 = P(0)2 is an integer, we conclude
that b is an integer. Observe that

P(1)2 = (1 + a + b)2 = a2 + 2a(1 + b) + (1 + b)2 2 Z

P(2)2 = (4 + 2 a + b)2 = 4a2 + 4a(4 + b) + (4 + b)2 2 Z

Eliminating a2, we see that 4a(b� 2) + 4(1 + b)2 � (4 + b)2 2 Z. Sinceb 6= 2, it follows that
a is rational. Hence the equationx2 + 2x(1 + b) + (1 + b)2 �

�
a2 + 2a(1 + b) + (1 + b)2

�
= 0

is a quadratic equation with integer coe�cients and has rational solution a. It follows that
a is an integer.

3. Find all integers a; b; csuch that

a2 = bc+ 4 ; b2 = ca+ 4 :

Solution: Supposea = b. Then we get one equation: a2 = ac + 4. This reduces to
a(a � c) = 4. Therefore a = 1, a � c = 4; a = � 1, a � c = � 4; a = 4 ; a � c = 1;
a = � 4; a � c = � 1; a = 2 ; a � c = 2; a = � 2; a � c = � 2. Thus we get (a; b; c) = (1 ; 1; � 3),
(� 1; � 1; 3), (4; 4; 3), (� 4; � 4; � 3); (2; 2; 0), (� 2; � 2; 0).

If a 6= b, subtracting the second relation from the �rst we get

a2 � b2 = c(b� a):

This gives a + b = � c. Substituting this in the �rst equation, we get

a2 = b(� a � b) + 4 :



Thus a2 + b2 + ab= 4. Multiplication by 2 gives

(a + b)2 + a2 + b2 = 8 :

Thus (a; b) = (2 ; � 2), (� 2; 2), (2; 0), (� 2; 0), (0; 2), (0; � 2). We get respectively c =
0; 0; � 2; 2; � 2; 2. Thus we get the triples:

(a; b; c) = (1 ; 1; � 3); (� 1; � 1; 3); (4; 4; 3); (� 4; � 4; � 3); (2; 2; 0); (� 2; � 2; 0);

(2; � 2; 0); (� 2; 2; 0); (2; 0; � 2); (� 2; 0; 2); (0; 2; � 2); (0; � 2; 2):

4. Suppose 40 objects are placed along a circle at equal distances. In how many ways can 3
objects be chosen from among them so that no two of the three chosen objects are adjacent
nor diametrically opposite?

Solution: One can choose 3 objects out of 40 objects in
� 40

3

�
ways. Among theese choices

all would be together in 40 cases; exactly two will be together in 40� 36 cases. Thus three
objects can be chosen such that no two adjacent in

� 40
3

�
� 40� (40� 36) ways. Among these,

furthrer, two objects will be diametrically opposite in 20 ways and the third would be on
either semicircle in a non adjacent portion in 40� 6 = 34 ways. Thus required number is

�
40
3

�
� 40� (40 � 36) � (20 � 34) = 7720:

5. Two circles � and � intersect at two distinct points A and B . A line through B intersects �
and � again at C and D, respectively. Suppose thatCA = CD. Show that the centre of �
lies on �.

Solution: Let the perpendicular from C to AD
intersect � at O. Since CA = CD we have that
CO is the perpendicular bisector ofAD and also
the angular bisector of \ ACD . From the for-
mer, it follows that OA = OD, and from the
latter it follows that \ OCB = \ OCA and hence
OA = OB. Thus we get OA = OB = OD. This
means O is the circumcentre of triangle ADB .
This shows that O is the centre of �.

6. How many integersm satisfy both the following properties:
(i) 1 � m � 5000; (ii)

� p
m

�
=

� p
m + 125

�
?

(Here [x] denotes the largest integer not exceedingx, for any real number x.)

Solution: Let
� p

m
�

=
� p

m + 125
�

= k. Then we know that

k2 � m < m + 125 < (k + 1) 2:

Thus
m + 125 < k 2 + 2k + 1 � m + 2k + 1 :

This shows that 2k + 1 > 125 or k > 62. Using k2 � 5000, we getk � 70. Thus k 2
f 63; 64; 65; 66; 67; 68; 69; 70g. We observe that 632 = 3969 and 642 = 632 + 127. Hence

� p
632 + 125

�
=

� p
632 + 1 + 125

�
= 63;

2



but
� p

632 + 2 + 125
�

= 64. Thus we get two values ofm such that
� p

m
�

=
� p

m + 125
�

for
k = 63. Similarly, 652 = 642 + 129 so that

� p
642 + 125

�
=

� p
642 + 1 + 125

�
=

� p
642 + 2 + 125

�
=

� p
642 + 3 + 125

�
= 64;

but
� p

642 + 4 + 125
�

= 65. Thus we get four values ofm such that
� p

m
�

=
� p

m + 125
�

for k = 64. Continuing, we see that there are 6; 8; 10; 12; 14; 16 values ofm respectively for
k = 65; 66; 67; 68; 69; 70. Together we get

2 + 4 + 6 + 8 + 10 + 12 + 14 + 16 = 2 �
8 � 9

2
= 72

values ofm satisfying the given requirement.

|||-0000|||-

3



Regional Mathematical Olympiad 2015 (Mumbai region)
06 December, 2015

� There are eight questions in this question paper. Answer all questions.

� Each of the questions 1,2,3 carries 10 points. Each of the questions 4,5,6,7,8
carries 14 points.

� Use of protractors, calculators, mobile phone is forbidden.

� Time allotted: 4 hours

1. Let ABCD be a convex quadrilateral with AB = a, BC = b, CD = c and DA = d. Suppose

a2 + b2 + c2 + d2 = ab+ bc+ cd+ da,

and the area ofABCD is 60 square units. If the length of one of the diagonals is 30 units,
determine the length of the other diagonal.

2. Determine the number of 3-digit numbers in base 10 having at least one 5 and at most one
3.

3. Let P(x) be a non-constant polynomial whose coe�cients are positive integers. IfP(n)
divides P(P(n) � 2015) for every natural number n, prove that P(� 2015) = 0.

4. Find all three digit natural numbers of the form ( abc)10 such that (abc)10, (bca)10 and (cab)10

are in geometric progression. (Here (abc)10 is representation in base 10.)

5. Let ABC be a right-angled triangle with \ B = 90 � and let BD be the altitude from B on
to AC . Draw DE ? AB and DF ? BC . Let P, Q, R and S be respectively the incentres of
triangle DFC , DBF , DEB and DAE . SupposeS, R, Q are collinear. Prove that P, Q, R,
D lie on a circle.

6. Let S = f 1; 2; : : : ; ng and let T be the set of all ordered triples of subsets ofS, say (A1; A2; A3),
such that A1 [ A2 [ A3 = S. Determine, in terms of n,

P

(A 1 ;A 2 ;A 3 )2 T
jA1 \ A2 \ A3j

where jX j denotes the number of elements in the setX . (For example, if S = f 1; 2; 3g and
A1 = f 1; 2g, A2 = f 2; 3g, A3 = f 3g then one of the elements ofT is (f 1; 2g; f 2; 3g; f 3g).)

7. Let x, y, z be real numbers such thatx2 + y2 + z2 � 2xyz = 1. Prove that

(1 + x)(1 + y)(1 + z) � 4 + 4xyz.

8. The length of each side of a convex quadrilateralABCD is a positive integer. If the sum of
the lengths of any three sides is divisible by the length of the remaining side then prove that
some two sides of the quadrilateral have the same length.

END OF QUESTION PAPER
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Regional Mathematical Olympiad 2015 (Mumbai region)
06 December, 2015

Hints and Solutions

1. Let ABCD be a convex quadrilateral with AB = a, BC = b, CD = c and DA = d. Suppose

a2 + b2 + c2 + d2 = ab+ bc+ cd+ da,

and the area ofABCD is 60 square units. If the length of one of the diagonals is 30 units,
determine the length of the other diagonal.

Solution

a2+ b2+ c2+ d2 = ab+ bc+ cd+ da ) (a� b)2+( b� c)2+( c� d)2+( d� a)2 = 0 ) a = b = c = d.
Thus ABCD is a rhombus and

[ABCD ] = (1 =2)(d1d2) (1)

where d1 and d2 are the lengths of the diagonals. Henced2 =
2[ABCD ]

d1
= 4 units.

2. Determine the number of 3-digit numbers in base 10 having at least one 5 and at most one
3.

Solution

We count the number of 3-digit numbers with (i) at least one 5 and having no 3 and (ii) at
least one 5 and having exactly one 3 separately.

(i) Here we �rst count the whole set and subtract the number of 3-digit numbers having
no 5 from it. Since 3 is not there and 0 cannot be the �rst digit, we can �ll the �rst digit
in 8 ways. But we can �ll the second and third digits in 9 ways(as 0 can be included).
Thus we get 8� 9 � 9 such numbers. If no 5 is there, then the number of such numbers is
7 � 8 � 8. Thus the number of 3-digit numbers not containing 3 and having at least one 5 is
(8 � 9 � 9) � (7 � 8 � 8) = 8(81 � 56) = 200.

(ii) If 3 is there as a digit, then it can be the �rst digit or may be the second or third digit.
Consider those numbers in which 3 is the �rst digit. The number of such numbers having at
least one 5 is (9� 9) � (8 � 8) = 81 � 64 = 17. The number of 3-digit numbers in which the
second digit is 3 and having at least one 5 is (8� 9) � (7 � 8) = 16. Similarly, the number of
3-digit numbers in which the third digit is 3 and having at least one 5 is (8� 9) � (7� 8) = 16.
Thus we get 17 + 16 + 16 = 49 such numbers.

Therefore the number of 3-digit numbers having at most one 3 and at least one 5 is 200+49 =
249.

3. Let P(x) be a non-constatnt polynomial whose coe�cients are positive integers. If P(n)
divides P(P(n) � 2015) for every natural number n, prove that P(� 2015) = 0.

Solution

Note that P(n) � 2015� (� 2015) = P(n) divides P(P(n) � 2015) � P(� 2015) for every
positive integer n. But P(n) divides P(P(n) � 2015) for every positive integern. Therefore
P(n) divides P(� 2015) for every positive integern. HenceP(� 2015) = 0.

1



Note

In the original version of the problem the word `non-constant' was missing. The
falsity of the statement was brought to the attention of the examiners by a
contestant who mentioned it in a remark at the end of a perfect solution to the
problem assuming that the polynomial is non-constant. Many students assumed
that the polynomial is non-constant and completed the solution. They deserved
full credit for doing so.

4. Find all three digit natural numbers of the form ( abc)10 such that (abc)10, (bca)10 and (cab)10

are in geometric progression. (Here (abc)10 is representation in base 10.)

Solution

Let us write

x = ( a � 102) + ( b� 10) + c; y = ( b� 102) + ( c � 10) + a; z = ( c � 102) + ( a � 10) + b:

We are given that y2 = xz. This means

�
(b� 102) + ( c � 10) + a

� 2
=

�
(a � 102) + ( b� 10) + c

��
(c � 102) + ( a � 10) + b

�
:

We can solve forc and get

c =
10b2 � a2

10a � b
:

If a; b; care digits leading to a solution, and if d = gcd(a; b) then djc. Consequently, we may
assume that gcd(a; b) = 1. Now

c =
999a2

10a � b
� (10b+ 100a);

showing that 10a � b divides 999a2. Since a; b are relatively prime, this is possible only if
10a � b is a factor of 999. It follows that 10a � b takes the values 1,3,9,27,37. These values
lead to the pairs

(a; b) = (1 ; 9); (1; 7); (1; 1); (4; 3):

We can discard the �rst two pairs as they lead to a value of c > 10. The third gives the
trivial solution (111 ; 111; 111). Taking d = 2 ; 3; 4; 5; 6; 7; 8; 9, we get 9 solution:

(abc)10 = 111; 222; 333; 444; 555; 666; 777; 888; 999:

The last pair gives c = 2 and hence the solution (432; 324; 243). Another solution is obtained
on multiplying by 2: (864; 648; 486).

Thus we have

(abc)10 = 111; 222; 333; 444; 555; 666; 777; 888; 999; 432; 864:

5. Let ABC be a right-angled triangle with \ B = 90 � and let BD be the altitude from B on
to AC . Draw DE ? AB and DF ? BC . Let P, Q, R and S be respectively the incentres of
triangle DFC , DBF , DEB and DAE . SupposeS, R, Q are collinear. Prove that P, Q, R,
D lie on a circle.

Solution

2



We �rst show that SR is perpendicular to QP. Consider trianglesPFQ and RES. Observe
that AE k DF and ED k FC. SinceES bisects \ AED and FP bisects \ DFC , it follows
that ES k FP . SinceER ? ES and FQ ? FP , we also haveER k FQ.

If r 1 and r 2 are inradii of triangles DEA and DEB , and if r 0 is the inradius of 4 DAB , we
know that

r 1 = r 0AD
AB

; r 2 = r 0BD
AB

:

Hence
ES
ER

=
r 1

r 2
=

AD
BD

:

Similarly, we can prove that
FQ
FP

=
BD
DC

:

But we know that AD=BD = BD=DC . Hence we conclude thatES=ER = FQ=FP.
Therefore 4 ESR � 4 QFP . But SE ? ER and ER k QF imply SE ? QF . It follows that
SR ? QP.

SinceS; R; Q are collinear, we getSQ ? QP. Thus \ RQP = 90 � . Consider the circumcircle
of 4 PRQ. Since\ RDP = 90 � , we conclude that D lies on this circle. HenceP; Q; R; D are
concyclic.

6. Let S = f 1; 2; : : : ; ng and let T be the set of all ordered triples of subsets ofS, say (A1; A2; A3),
such that A1 [ A2 [ A3 = S. Determine, in terms of n,

P

(A 1 ;A 2 ;A 3 )2 T
jA1 \ A2 \ A3j

where jX j denotes the number of elements in the setX . (For example, if S = f 1; 2; 3g and
A1 = f 1; 2g, A2 = f 2; 3g, A3 = f 3g then one of the elements ofT is (f 1; 2g; f 2; 3g; f 3g).)

Solution 1

Let X = ( A1; A2; A3) 2 T and let i 2 A1 \ A2 \ A3. The number of times the elementi occurs
in the required sum is equal to the number of ordered tuples (A1 � f i g; A2 � f i g; A3 � f i g)
such that

A1 � f i g [ A2 � f i g [ A3 � f i g = S � f ig (� )

3



For every element ofS � f ig, there are eight possibilities - whether the element belongs to or
does not belong toA i for i = 1 ; 2; 3. Out of these the case when the element does not belong
to any of the three subsets violates (� ). Therefore, each element can satisfy the requirement
in 7 ways. The number of tuples is, therefore, 7n � 1 and the sum isn:7n � 1.

Solution 2

Consider all tuples (A1; A2; A3) such that A1 \ A2 \ A3 = B (� ) and A1 [ A2 [ A3 = S (�� ).
Let jB j = r . (*) and (**) lead to

A1 � B \ A2 � B \ A3 � B = � ( � � � ) and A1 � B [ A2 � B [ A3 � B = S � B (� � �� )

As before, for every element ofS � B , there are eight possibilities. Out of these two cases -i.
the element belongs to each of the three subsetsA1; A2; A3 violates (***) and ii. the element
does not belong to any of the three subsets violates (****). Therefore, there are 6 possibilities
for each element. Also,jS � B j = n � r , therefore, the number of tuples satisfying (*) and
(**) is 6 n � r . The number of ways we can select r elements is

� n
r

�
, therefore the required

number is
nX

r =0

�
n
r

�
r 6n � r = n7n � 1

Solution 3

This solution was given by a contestant of standard IX. We provide a sketch of
the same.

Write Sn and Tn in place of S and T respectively. Also, let

P

(A 1 ;A 2 ;A 3 )2 Tn

jA1 \ A2 \ A3j = an .

We shall show that an = n:7n � 1 using recurrence and induction. Letan = n:7n � 1 for some
positive integer n. Then, the elements ofTn +1 are made by addingn + 1 to either A1 or A2

or A3 or A1 \ A2 or A2 \ A3 or A3 \ A1 or A1 \ A2 \ A3 in Tn . Further, it is easily established
that jTn j = 7 n . Now, if n + 1 is added to A1 \ A2 \ A3 then jA1 \ A2 \ A3j increases by 1.
Otherwise it remains the same. So, as there are seven choices of where to putn + 1,

an +1 = 7an + jTn j

Thus an +1 = ( n +1) :7n , which completes the inductive step, as the base casen = 1 is trivial.
Therefore

P

(A 1 ;A 2 ;A 3 )2 T
jA1 \ A2 \ A3j = n:7n � 1

7. Let x, y, z be real numbers such thatx2 + y2 + z2 � 2xyz = 1. Prove that

(1 + x)(1 + y)(1 + z) � 4 + 4xyz.

Solution
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Write 1 + 2 xyz = x2 + y2 + z2 , 3 + 3xyz = 3
2 (x2 + y2 + z2) + 3

2
) 3 + 3xyz = ( x2 + y2 + z2) + 1

2 [(x2 + 1) + ( y2 + 1) + ( z2 + 1)] � x2 + y2 + z2 + x + y + z
(Use x2 + y2 + z2 � xy + yz + zx and AM-GM: x2 + 1 � 2x etc.)
) 3 + 3xyz � xy + yz + zx + x + y + z.
By adding 1 + xyz in both sides,
we get 4 + 4xyz � 1 + x + y + z + xy + yz + zx + xyz = (1 + x)(1 + y)(1 + z):
Equality holds when x = y = z = 1.

8. The length of each side of a convex quadrilateralABCD is a positive integer. If the sum of
the lengths of any three sides is divisible by the length of the remaining side then prove that
some two sides of the quadrilateral have the same length.

Solution

Let us take ABCD to be a quadrilateral with AB = a, BC = b, CD = c and DA = d where
a; b; c; dare integers. We knowAC < AB + BC and AD < AC + CD < AB + BC + CD.
Thus we getd < a + b+ c. Similarly we can write down three more inequalities: a < b + c+ d,
b < c + d + a and c < d + a + b. We can also taked to be the largest side. Using the given
conditions, we can write

a + b+ c + d = la; b + c + d + a = mb; c+ d + a + b = nc; a + b+ c + d = kd;

for some positive integersl; m; n; k .

Suppose no two sides are equal. Thena < d , b < d, c < d. Hencea + b+ c < 3d. Since d
divides a + b+ c and d < a + b+ c < 3d, we must havea + b+ c = 2d. Thus we obtain

a + b+ c + d = 3d = la = mb = nc:

Write this as

a =
3d
l

; b =
3d
m

; c =
3d
n

:

Using 2d = a + b+ c, we get the equation

3
l

+
3
m

+
3
n

= 2 :

Here l; m; n are necessarily distinct. Supposel = m. Then la = 3d = lb. This implies a = b,
a contradiction. Similarly m = n and l = n can be discarded. We may assumel < m < n .
This means, we have to solve the equation for distinct positive integers.

If l � 4, then m � 5 and n � 6. Hence

2
3

=
1
l

+
1
m

+
1
n

�
1
4

+
1
5

+
1
6

=
37
60

<
2
3

which is impossible. This meansl = 1, l = 2 or l = 3. For l = 1, we get b+ c+ d = 0, Which
is impossible. If l = 2, we get b+ c + d = a, which contradicts a < b + c + d. If l = 3, then
a = d and this contradicts again a < d . Therefore some two ofa; b; c; dare equal.

THE END

NOTE

We do not claim that the solutions presented here are the most elegant solutions but
we thought they would be instructive. For some problems we found that solutions by
contestants were di�erent and we have included them in this document.
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Regional Mathematical Olympiad-2016

Time: 3 hours October 09, 2016

Instructions:

� Calculators (in any form) and protractors are not allowed.

� Rulers and compasses are allowed.

� Answer all the questions.

� All questions carry equal marks. Maximum marks: 102.

� Answer to each question should start on a new page. Clearly
indicate the question number.

1. Let ABC be a right-angled triangle with \ B = 90 � . Let I be the incentre of
ABC . Draw a line perpendicular to AI at I . Let it intersect the line CB at
D . Prove that CI is perpendicular to AD and prove that ID =

p
b(b� a)

where BC = a and CA = b.

2. Let a; b; cbe positive real numbers such that

a
1 + a

+
b

1 + b
+

c
1 + c

= 1 :

Prove that abc� 1=8.

3. For any natural number n, expressed in base 10, letS(n) denote the sum of
all digits of n. Find all natural numbers n such that n = 2S(n)2.

4. Find the number of all 6-digit natural numbers having exactly three odd
digits and three even digits.

5. Let ABC be a triangle with centroid G. Let the circumcircle of triangle
AGB intersect the line BC in X di�erent from B ; and the circumcircle of
triangle AGC intersect the line BC in Y di�erent from C. Prove that G is
the centroid of triangle AXY .

6. Let ha1; a2; a3; : : :i be a strictly increasing sequence of positive integers in
an arithmetic progression. Prove that there is an in�nite subsequence of the
given sequence whose terms are in a geometric progression.
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1. Let ABC be a right-angled triangle with \ B = 90 � . Let I be the incentre of ABC . Draw a line
perpendicular to AI at I . Let it intersect the line CB at D . Prove that CI is perpendicular to AD
and prove that ID =

p
b(b� a) where BC = a and CA = b.

Solution: First observe that ADBI is a cyclic
quadrilateral since \ AID = \ ABD = 90 � . Hence
\ ADI = \ ABI = 45 � . Hence \ DAI = 45 � . But
we also have

\ ADB = \ ADI + \ IDB = 45 � + \ IAB

= \ DAI + \ IAC = \ DAC:

Therefore CDA is an isosceles triangle withCD =
CA. SinceCI bisects \ C it follows that CI ? AD .

This shows that DB = CA � CB = b� a. Therefore

AD 2 = c2 + ( b� a)2 = c2 + b2 + a2 � 2ba= 2b(b� a):

But then 2ID 2 = AD 2 = 2b(b� a) and this gives ID =
p

b(b� a).

2. Let a; b; cbe positive real numbers such that

a
1 + a

+
b

1 + b
+

c
1 + c

= 1 :

Prove that abc� 1=8.

Solution: This is equivalent to
X

a(1 + b)(1 + c) = (1 + a)(1 + b)(1 + c):

This simpli�es to
ab+ bc+ ca+ 2abc= 1

Using AM-GM inequality, we have

1 = ab+ bc+ ca+ 2abc� 4(ab� bc� ca � 2abc)1=4:

Simpli�caton gives

abc�
1
8

:

3. For any natural number n, expressed in base 10, letS(n) denote the sum of all digits of n. Find
all natural numbers n such that n = 2S(n)2.

Solution: We use the fact that 9 dividesn� S(n) for every natural number n. HenceS(n)(2S(n)� 1)
is divisible by 9. SinceS(n) and 2S(n) � 1 are relatively prime, it follows that 9 divides either S(n)
or 2S(n) � 1, but not both. We also observe that the number of digits of n cannot exceed 4. Ifn
has k digits, then n � 10k � 1 and 2S(n)2 � 2 � (9k)2 = 162k2. If k � 6, we see that

2S(n)2 � 162k2 < 54k2 < 10k � 1 � n:

If k = 5, we have
2S(n)2 � 162� 25 = 4150< 104 � n:



Therefore n � 4 and S(n) � 36.
If 9jS(n), then S(n) = 9 ; 18; 27; 36. We see that 2S(n)2 is respectively equal to 162, 648, 1458,
2592. Only 162 and 648 satisfyn = 2S(n)2.
If 9j(2S(n) � 1), then 2S(n) = 9 k + 1. Only k = 1 ; 3; 5; 7 give integer values forS(n). In these cases
2S(n)2 = 50; 392; 1058; 2048. Here again 50 and 392 given = 2S(n)2.
Thus the only natural numbers wth the property n = 2S(n)2 are 50; 162; 392; 648.

4. Find the number of all 6-digit natural numbers having exactly three odd digits and three even
digits.

Solution: First we choose 3 places for even digits. This can be done in
� 6

3

�
= 20 ways. Observe

that the other places for odd digits get automatically �xed. There are 5 even digits and 5 odd digits.
Any of these can occur in their proper places. Hence there are 56 ways of selecting 3 even and 3
odd digits for a particular selection of place for even digits. Hence we get 20� 56 such numbers.
But this includes all those numbers having the �rst digit equal to 0. Since we are looking for 6-digit
numbers, these numbers have to be removed from our counting. If we �x 0 as the �rst digit, we
have, 2 places for even numbers and 3 places for odd numbers. We can choose 2 places for even
numbers in

� 5
2

�
= 10 ways. As earlier, for any such choice of places for even digits, we can choose

even digits in 52 ways and odd digits in 53 ways. Hence the number of ways of choosing 3 even and
3 odd digits with 0 as the �rst digit is 10 � 55. Therfore the number of 6-digit numbers with 3 even
digits and 3 odd digits is

20� 56 � 10 � 55 = 10 � 55(10 � 1) = 281250:

5. Let ABC be a triangle with centroid G. Let the circumcircles of 4 AGB and 4 AGC intersect the
line BC in X and Y respectively, which are distinct from B; C . Prove that G is the centroid of
4 AXY .

Solution: Let D be the midpoint of AB . Ob-
serve that DX � DB = DG � DA = DY � DC .
But DB = DC . Hence DX = DY . This
means that D is the midpoint of XY as well.
HenceAD is also a median of4 AXY . Now
we know that AG : GD = 2 : 1. If G0 is the
median of 4 AXY , then G0 must lie on AD
and AG0 : G0D = 2 : 1. We conclude that
G = G0.

6. Let ha1; a2; a3; : : :i be a strictly increasing sequence of positive integers in an arithmetic progression.
Prove that there is an in�nite subsequence of the given sequence whose terms are in a geometric
progression.

Solution: Let ha1; a2; : : : ; an +1 : : :i = ha; a + d; : : : ; a + nd; : : :i be a strictly increasing sequence of
positive integers in arithmetic progression. Herea and d are both positive integers. Consider the
following subsequence:

ha; a(1 + d); a(1 + d)2; : : : ; a(1 + d)n ; : : :i :

This is a geometric progression. Herea > 0 and the common ratio 1 +d > 1. Hence the sequence is
strictly increasing. The �rst term is a which is in the given AP. The second term isa(1+ d) = a+ ad
which is the (a + 1)-th term of the AP. In general, we see that

a(1 + d)n = a + d
��

n
1

�
a +

�
n
2

�
ad + � � � +

�
n
n

�
adn � 1

�
:

2



Here the coe�cient of d in the braces is also a positive integer. Hencea(1 + d)n is also a term of
the given AP.
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Regional Mathematical Olympiad-2016

Time: 3 hours October 09, 2016

Instructions:

� Calculators (in any form) and protractors are not allowed.

� Rulers and compasses are allowed.

� Answer all the questions.

� All questions carry equal marks. Maximum marks: 102.

� Answer to each question should start on a new page. Clearly
indicate the question number.

1. Let ABC be a right-angled triangle with \ B = 90 � . Let I be the incentre
of ABC . Let AI extended intersectBC at F . Draw a line perpendicular to
AI at I . Let it intersect AC at E . Prove that IE = IF .

2. Let a; b; cbe positive real numbers such that

a
1 + b

+
b

1 + c
+

c
1 + a

= 1 :

Prove that abc� 1=8.

3. For any natural number n, expressed in base 10, letS(n) denote the sum of
all digits of n. Find all natural numbers n such that n3 = 8S(n)3+6nS(n)+1.

4. How many 6-digit natural numbers containing only the digits 1,2,3 are there
in which 3 occurs exactly twice and the number is divisible by 9?

5. Let ABC be a right-angled triangle with \ B = 90 � . Let AD be the bisector
of \ A with D on BC . Let the circumcircle of triangle ACD intersect AB
again in E ; and let the circumcircle of triangle ABD intersect AC again in
F . Let K be the reection of E in the line BC . Prove that FK = BC .

6. Show that the in�nite arithmetic progression h1; 4; 7; 10; : : :i has in�nitely
many 3-term subsequences in harmonic progression such that for any two
such triples ha1; a2; a3i and hb1; b2; b3i in harmonic progression, one has

a1

b1
6=

a2

b2
:
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1. Let ABC be a right-angled triangle with \ B = 90 � . Let I be the incentre ofABC . Let AI extended
intersect BC in F . Draw a line perpendicular to AI at I . Let it intersect AC in E . Prove that
IE = IF .

Solution: Extend EI to meet CB extended in D .
First observe that ADBI is a cyclic quadrilateral
since \ AID = \ ABD . Hence \ ADI = \ ABI =
45� . Hence\ DAI = 45 � . Therefore IA = ID .
Consider the triangles AIE and DIF . Both are
right triangles. Moreover \ IAE = \ IAB = \ IDB .
Since IA = ID , the triangles are congruent. This
meansIE = IF .

2. Let a; b; cbe positive real numbers such that

a
1 + b

+
b

1 + c
+

c
1 + a

= 1 :

Prove that abc� 1=8.

Solution: This is equivalent to
X

a(1 + c)(1 + a) = (1 + a)(1 + b)(1 + c):

This simpli�es to X
a2 +

X
a2c = 1 + abc

Using AM-GM inequality, we have

1 + abc=
X

a2 +
X

a2c � 3(abc)2=3 + 3abc:

Let x = ( abc)1=3. Then
3x2 + 2x3 � 1:

This can be written as (x + 1) 2(2x � 1) � 0. Hencex � 1=2. Thus

abc�
1
8

:

3. For any natural number n, expressed in base 10, letS(n) denote the sum of all digits of n. Find
all natural numbers n such that n3 = 8S(n)3 + 6nS(n) + 1.

Solution: We write the given condition as

n3 + ( � 2S(n))3 + ( � 1)3 = 3 � n � (� 2S(n)) � (� 1):

This is in the form x3 + y3 + z3 = 3xyz. We know that this can happen if and only if x + y + z = 0.
Thus we obtain a simpler condition

n � 2S(n) � 1 = 0:

Again we know that n � S(n) is divisible by 9. Hence 9 should divideS(n) + 1. It is easy to see
that the number of digits in n cannot be more than 2. For a three digit number maximum value
of S(n) can be 27 and 2S(n) + 1 � 55.. Hencen is either a 1-digit number or a two digit number.
HenceS(n) � 18. Since 9 dividesS(n) + 1, we can have S(n) = 8 or S(n) = 17. But then n = 17
or n = 35. Among these n = 17 works but not 35. (S(35) = 8 and 2S(n) + 1 = 17 6= 35.) Hence
the only solution is n = 17.



4. How many 6-digit natural numbers containing only the digits 1, 2, 3 are there in which 3 occurs
exactly twice and the number is divisible by 9?

Solution:

Let S(n) be the sum of the digits of n. Then n � S(n) (mod 9). For any admissible n we observe
that 10 � S(n) � 14 and hence there is no value ofS(n) that is a multiple of 9. Thus no such n
exists.

5. Let ABC be a right-angled triangle with \ B = 90 � . Let AD be the bisector of\ A with D on BC .
Let the circumcircle of triangle ACD intersect AB again in E ; and let the circumcircle of triangle
ABD intersect AC again in F . Let K be the reection of E in the line BC . Prove that FK = BC .

Solution: First we show that EB = FC. Con-
sider the triangles EBD and CFD . Observe that
\ CFD = 90 � since \ AFD = 90 � (angle in a semi-
circle). Hence\ CFD = \ EBD . SinceACDE is a
cyclic quadrilateral, we have \ CDE = 180� � \ A.
Similarly, we see thatAFDB is a cyclic quadrilateral
and therefore \ FDB = 180� � \ A. Thus we obtain
\ CDE = \ FDB . This gives \ FDC = \ BDE . It
follows 4 EBD � 4 CFD .

SinceAD bisects\ A, we haveDB = DF . Hence4 EBD �= 4 CFD . HenceFC = EB = BK . We
also observe thatAF = AB since4 ABD �= 4 AFD . It follows that FB k CK . SinceFC = BK ,
we conclude that CKDF is an siosceles trapezium. This givesFK = BC .

Alternate solution: First we show that K; D; F are collinear. Observe that\ FDB = 180� � \ A
by the concyclicity of AFDB . Moreover \ BDK = \ BDE = \ A. Therefore \ KDF = 180� . This
proves that KDF is a line segment.
Consider the triangles AKF and ABC . Since both are right-angled triangles and\ A is common,
they are similar. We also see that4 AFD �= 4 ABD since \ AFD = \ ABD = 90 � , \ FAD =
\ BAD = \ A=2 and AD common. HenceAF = AB . This implies now that 4 AFK �= 4 ABC .
HenceKF = BC .

6. Show that the in�nite arithmetic progression h1; 4; 7; 10; : : :i has in�nitely many 3-term subsequences
in harmonic progression such that for any two such triplesha1; a2; a3i and hb1; b2; b3i in harmonic
progression, one has

a1

b1
6=

a2

b2

�
a2

b2
6=

a3

b3

�
:

Solution: Consider h4; 7; 28i . We observe that

1
4

+
1
28

=
2
7

:

Thus we look for the terms of the form a; b; abwhich give a HP. The condition is

1
a

+
1
ab

=
2
b

:

This reduces tob(1 + b) = 2 ab or 2a = 1 + b. The terms of the given AP are of the form 3k + 1. If
we take a = 3k + 1, then b = 2a � 1 = 6k + 1. We observe that b is also a term of the gven AP.

2



Besides,ab = (3 k + 1)(6 k + 1) = 3(6 k2 + 3k) + 1 is again a term of the given AP. Thus the triple
of the form h3k + 1 ; 6k + 1 ; (3k + 1)(6 k + 1) i form a HP. We observe that

3k + 1
3l + 1

6=
6k + 1
6l + 1

6=
(3k + 1)(6 k + 1)
(3l + 1)(6 l + 1)

:

|||-0|||-
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Regional Mathematical Olympiad-2016
Time: 3 hours October 16, 2016

Instructions:

� Calculators (in any form) and protractors are not allowed.

� Rulers and compasses are allowed.

� Answer all the questions.

� All questions carry equal marks. Maximum marks: 102.

� Answer to each question should start on a new page. Clearly
indicate the question number.

1. Let ABC be a triangle and D be the mid-point of BC . Suppose the angle
bisector of \ ADC is tangent to the circumcircle of triangle ABD at D .
Prove that \ A = 90 � .

2. Let a; b; c be three distinct positive real numbers such that abc= 1. Prove
that

a3

(a � b)(a � c)
+

b3

(b� c)(b� a)
+

c3

(c � a)(c � b)
� 3:

3. Let a; b; c; d; e; f be positive integers such that

a
b

<
c
d

<
e
f

:

Supposeaf � be= � 1. Show that d � b+ f .

4. There are 100 countries participating in an olympiad. Supposen is a positive
integer such that each of the 100 countries is willing to communicate in
exactly n languages. If each set of 20 countries can communicate in at least
one common language, and no language is common to all 100 countries, what
is the minimum possible value ofn?

5. Let ABC be a right-angled triangle with \ B = 90 � . Let I be the incentre
of ABC . Extend AI and CI ; let them intersect BC in D and AB in E
respectively. Draw a line perpendicular toAI at I to meet AC in J ; draw a
line perpendicular to CI at I to meet AC in K . SupposeDJ = EK . Prove
that BA = BC .

6. (a) Given any natural number N , prove that there exists a strictly increasing
sequence ofN positive integers in harmonic progression.

(b) Prove that there cannot exist a strictly increasing in�nite sequence of
positive integers which is in harmonic progression.
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1. Let ABC be a triangle and D be the mid-point of BC . Suppose the angle bisector of\ ADC is
tangent to the circumcircle of triangle ABD at D . Prove that \ A = 90 � .

Solution: Let P be the center of the circumcircle �
of 4 ABC . Let the tangent at D to � intersect AC
in E . Then PD ? DE . Since DE bisects \ ADC ,
this implies that DP bisects \ ADB . Hence the cir-
cumcenter and the incenter of 4 ABD lies on the
same lineDP . This implies that DA = DB . Thus
DA = DB = DC and henceD is the circumcenter
of 4 ABC . This gives \ A = 90 � .

2. Let a; b; cbe positive real numbers such thatabc= 1 Prove that

a3

(a � b)(a � c)
+

b3

(b� c)(b� a)
+

c3

(c � a)(c � b)
� 3:

Solution: Observe that

1
(a � b)(a � c)

=
(b� c)

(a � b)(b� c)(a � c)

=
(a � c) � (a � b)

(a � b)(b� c)(a � c)
=

1
(a � b)(b� c)

�
1

(b� c)(a � c)
:

Hence

a3

(a � b)(a � c)
+

b3

(b� c)(b� a)
+

c3

(c � a)(c � b)
=

a3 � b3

(a � b)(b� c)
+

c3 � a3

(c � a)(c � b)

=
a2 + ab+ b2

b� c
�

c2 + ca+ a2

b� c

=
ab+ b2 � c2 � ca

b� c

=
(a + b+ c)(b� c)

b� c
= a + b+ c:

Therefore

a3

(a � b)(a � c)
+

b3

(b� c)(b� a)
+

c3

(c � a)(c � b)
= a + b+ c � 3(abc)1=3 = 3 :

3. Let a; b; c; d; e; f be positive integers such that

a
b

<
c
d

<
e
f

:

Supposeaf � be= � 1. Show that d � b+ f .

Solution: Sincebc� ad > 0, we havebc� ad � 1. Similarly, we obtain de� fc � 1. Therefore

d = d(be� af ) = dbe� daf = dbe� bfc + bfc � adf = b(de� fc ) + f (bc� ad) � b+ f:

4. There are 100 countries participating in an olympiad. Supposen is a positive integer such that each
of the 100 countries is willing to communicate in exactlyn languages. If each set of 20 countries can
communicate in at least one common language, and no language is common to all 100 countries,
what is the minimum possible value ofn?



Solution: We show that n = 20. We �rst show that n = 20 is possible. Call the countries
C1; � � � ; C100. Let 1; 2; � � � ; 21 be languages and suppose, the countryCi (1 � i � 20) communicates
exactly in the languagesf j : 1 � j � 20; j 6= ig. Suppose each of the countriesC21; � � � ; C100

communicates in the languages 1; 2; � � � ; 20. Then, clearly every set of 20 countries have a common
language of communication.
Now, we show that n � 20. If n < 20, look at any country A communicating in the languages
L 1; � � � ; L n . As no language is common to all 100 countries, for eachL i , there is a country A i not
communicating in L i . Then, the n + 1 � 20 countriesA; A 1; A2; � � � ; An have no common language
of communication. This contradiction shows n � 20.

5. Let ABC be a right-angled triangle with \ B = 90 � . Let I be the incentre of ABC . Extend AI
and CI ; let them intersect BC in D and AB in E respectively. Draw a line perpendicular toAI at
I to meet AC in J ; draw a line perpendicular to CI at I to meet AC in K . SupposeDJ = EK .
Prove that BA = BC .

Solution: Extend JI to meet CB extended
at L . Then ALBI is a cyclic quadrilateral.
Therefore \ BLI = \ BAI = \ IAC . There-
fore \ LAD = \ IBD = 45 � . Since \ AIL =
90� , it follows that \ ALI = 45 � . Therefore
AI = IL . This shows that the triangles AIJ
and LID are congruent givingIJ = ID . Simi-
larly, IK = IE . SinceIJ ? ID and IK ? IE
and sinceDJ = EK , we see thatIJ = ID =
IK = IE . Thus E; D; J; K are concyclic.
This implies together with DJ = EK that
EDJK is an isosceles trapezium. Therefore
DE k JK . Hence\ EDA = \ DAC = \ A=2
and \ DEC = \ ECA = \ C=2. Since IE =
ID , it follows that \ A=2 = \ C=2. This means
BA = BC .

6. (a) Given any natural number N � 3, prove that there exists a strictly increasing sequence ofN
positive integers in harmonic progression.

(b) Prove that there cannot exist a strictly increasing in�nite sequence of positive integers which is
in harmonic progression.

Solution: (a) Let N � 3 be a given positive integer. Consider the HP

1;
1
2

;
1
3

;
1
4

; : : : ;
1
N

:

If we multiply this by N !, we get the HP

N !;
N !
2

;
N !
3

;
N !
4

; : : : ;
N !
N

:

This is decreasing. We write this in reverse order to get a strictly increasing HP:

N !
N

;
N !

N � 1
;

N !
N � 2

; : : : ;
N !
3

;
N !
2

; N !:

(b) Assume the contrary that there is an in�nite strictly increasing sequence ha1; a2; a3; : : : ; i of pos-
itive integers which forms a harmonic progression. De�nebk = 1=ak , for k � 1. Then hb1; b2; b3; : : :i
is a strictly decreasing sequence of positive rational numbers which is in an arithmetic progression.

2



Let d = b2 � b1 < 0 be its common di�erence. Thenb1 � b2 > 0. Choose a positive integern such
that

n >
b1

b1 � b2
:

Then

bn +1 = b1 + ( b2 � b1)n = b1 � (b1 � b2)n < b1 �
�

b1

b1 � b2

�
� (b1 � b2) = 0 :

Thus for all large n, we see thatbn is negative contradicting bn is positive for all n.

|||-0|||-
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Regional Mathematical Olympiad-2016
Time: 3 hours October 23, 2016

Instructions:

� Calculators (in any form) and protractors are not allowed.

� Rulers and compasses are allowed.

� Answer all the questions.

� All questions carry equal marks. Maximum marks: 102.

� Answer to each question should start on a new page. Clearly indicate the
question number.

1. Let ABC be an isosceles triangle withAB = AC . Let � be its circumcircle and let O
be the centre of �. Let CO meet � in D . Draw a line parallel to AC through D. Let
it intersect AB at E . SupposeAE : EB = 2 : 1. Prove that ABC is an equilateral
triangle.

2. Let a; b; cbe positive real numbers such that

ab
1 + bc

+
bc

1 + ca
+

ca
1 + ab

= 1 :

Prove that
1
a3 +

1
b3 +

1
c3 � 6

p
2.

3. The present ages in years of two brothersA and B , and their father C are three distinct

positive integersa, b, and c respectively. Suppose
b� 1
a � 1

and
b+ 1
a + 1

are two consecutive

integers, and
c � 1
b� 1

and
c + 1
b+ 1

are two consecutive integers. Ifa+ b+ c � 150 determine

a, b and c.

4. A box contains 4032 answer scripts out of which exactly half have odd number of
marks. We choose 2 scripts randomly and, if the scores on both of them are odd
number, we add one mark to one of them, put the script back in the box and keep the
other script outside. If both scripts have even scores, we put back one of the scripts
and keep the other outside. If there is one script with even score and the other with
odd score, we put back the script with the odd score and keep the other script outside.
After following this procedure a number of times, there are 3 scripts left among which
there is at least one script each with odd and even scores. Find, with proof, the number
of scripts with odd scores among the three left.

5. Let ABC be a triangle, AD an altitude and AE a median. AssumeB; D; E; C lie in
that order on the line BC . Suppose the incentre of triangleABE lies on AD and the
incentre of ADC lies on AE . Find, with proof, the angles of triangle ABC .

6. (i) Prove that if an in�nite sequence of strictly increasing positive integers in arith-
metic progression has one cube then it has in�nitely many cubes.

(ii) Find, with justi�cation, an in�nite sequence of strictly increasing positive integers
in arithmetic progression which does not have any cube.
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1. Let ABC be an isosceles triangle withAB = AC . Let � be its circumcircle and let O be the centre
of �. Let CO meet � in D . Draw a line parallel to AC through D. Let it intersect AB at E .
SupposeAE : EB = 2 : 1. Prove that ABC is an equilateral triangle.

Solution: Extend DE to meet BC at F . Join
BD and DA . Since CD is a diameter, we
see that \ DBC = 90 � . Since DF is paral-
lel to AC , it follows that 4 EBF � 4 ABC .
Hence EB = EF . Now \ EBF = \ EFB =
90� � \ EDB . But \ EBF + \ EBD = 90 � .
Hence we obtain \ EBD = \ EDB , which
gives EB = ED . Since AE : EB = 2 : 1
and EB = ED , we obtain AE = 2ED . Hence
\ DAB = 30 � . This implies \ DCB = 30 �

and hence\ BDC = 60 � . But then \ BAC =
\ BDC = 60 � and hence4 ABC is equilateral

2. Let a; b; cbe positive real numbers such that

ab
1 + bc

+
bc

1 + ca
+

ca
1 + ab

= 1 :

Prove that
1
a3 +

1
b3 +

1
c3 � 6

p
2.

Solution: The given condition is equivalent to
X

ab(1 + ca)(1 + ab) = (1 + ab)(1 + bc)(1 + ca):

This gives
X

ab+
X

a2b2 + abc
X

a + abc
X

a2b = 1 +
X

ab+ abc
X

a + a2b2c2:

Hence
a2b2c2 + 1 =

X
a2b2 + abc

X
a2b:

Using X
a2b2 � 3(abc)4=3;

X
a2b � 3abc;

we get
a2b2c2 + 1 � 3(abc)4=3 + 3( abc)2:

Taking x = ( abc)2=3, this reduces to 2x3 + 3x2 � 1 � 0. This gives (x + 1) 2(2x � 1) � 0. Hence
x � 1=2. Therefore abc� 1=2

p
2. Finally

1
a3 +

1
b3 +

1
c3 �

3
abc

� 6
p

2:

3. The present ages in years of two brothersA and B , and their father C are three distinct positive

integers a, b, and c respectively. Suppose
b� 1
a � 1

and
b+ 1
a + 1

are two consecutive integers, and
c � 1
b� 1

and
c + 1
b+ 1

are two consecutive integers. Ifa + b+ c � 150 determinea, b and c.

Solution: We have

b� 1
a � 1

= l;
b+ 1
a + 1

= l � 1;
c � 1
b� 1

= m;
c + 1
b+ 1

= m � 1



(If we take a � b, we see that b� 1
a� 1 � b+1

a+1 .)

Consider the �rst two relations: b � 1 = l(a � 1), b + 1 = ( l � 1)(a + 1). Solving for a, we get
a = 2 l � 3 and henceb = 2 l2 � 4l + 1. Using the second set of relations, we obtainb = 2m � 3 and
c = 2m2 � 4m + 1. Thius we have 2m � 3 = 2l2 � 4l + 1 or m = ( l � 1)2 + 1. Obviously l > 1. If
l = 2, we get a = 1 which forces b = 1 and c = 1, which is impossible. If l = 3, we get a = 3, b = 7
and c = 31. If l � 4, then m � 10 and c � 161. But then a + b+ c > 150. Thus the only choice is
a = 3, b = 7 and c = 31.

4. A box contains answer 4032 scripts out of which exactly half have odd number of marks. We choose
2 scripts randomly and, if the scores on both of them are odd number, we add one mark to one of
them, put the script back in the box and keep the other script outside. If both scripts have even
scores, we put back one of the scripts and keep the other outside. If there is one script with even
score and the other with odd score, we put back the script with the odd score and keep the other
script outside. After following this procedure a number of times, there are 3 scripts left among
which there is at least one script each with odd and even scores. Find, with proof, the number of
scripts with odd scores among the three left.

Solution: There are three types of processes. In the �rst type, the scripts with odd scores decreases
by 2. In the second and third types, there is no change in the number of scripts with odd scores.
Hence at each step, the number of scripts with odd score decreases by 0 or 2. Since there are 2016
scripts with odd scores, the number of scripts with odd scores at the end is either 0 or 2. Since it
is given that there is at least one script with odd scores, two of the three must have odd scores.

5. Let ABC be a triangle, AD an altitude and AE a median. AssumeB; D; E; C lie in that order on
the line BC . Suppose the incentre of triangleABE lies on AD and the incentre of ADC lies on
AE . Find the angles of triangle ABC .

Solution: Since AD ? BE and the incentre of 4 ABE
lies on AD , it follows that ABE is isosceles. In particu-
lar \ BAD = \ DAE = � , say. SinceAE is the bisector
of\ DAC , it follows that \ EAC = \ DAE = � . Moreover,
we have

AD
AC

=
DE
CE

:

SinceBE = EC = a
2 , we also haveDE = 1

2 BE = a
4 . Thus

we get

AD
AC

=
DE
EC

=
a=4
a=2

=
1
2

:

Since 4 ADE is a right-angled triangle and AD = AC=2, it follows that \ ACD = 30 � . Hence
\ DAC = 60 � . Since\ DAC = 2 � , we get � = 30 � . Now \ A = 3 � and hence\ A = 90 � . This gives
\ B = 60 � .

6. i) Prove that if an in�nite sequence of strictly increasing positive integers in arithmetic progression
has one cube then it has in�nitely many cubes.
(ii) Find, with justi�cation, an in�nite sequence of strictly increasing positive integers in arithmetic
progression which does not have any cube.

Solution:
i) Let a be the �rst term of the AP and d be the common di�erence. (Herea; d are positive integers.)
We can �nd an integer b such that b3 = a+ ( n � 1)d for somen 2 N. Consider (b+ d)3. We observe
that

(b+ d)3 = b3 + d(3b2 + 3bd+ d2) = a + ( n � 1 + 3b2 + 3bd+ d2)d = a + ( m � 1)d;

2



where m = n + 3b2 + 3bd+ d2 is a positive integer. Hence (b+ d)3 is also in the given AP. More
generally, the same method shows that (b+ kd)3 is in the AP for every k 2 N. Hence the given AP
contains in�nitely many cubes.

ii) Consider the AP h2; 6; 10; 14; : : :i . Here a = 2 and d = 4. The general term is 2 + 4k, where
k � 0 is an integer. Suppose 2 + 4k = b3 for some integerb. Then 2 divides b. Henceb = 2c for
somec. Therefore 8c3 = 2 + 4 k or 4c3 = 2k + 1. But this is impossible since LHS is even and RHS
is odd. We conclude that the AP h2; 6; 10; 14; : : :i does not contain any cube.

|||-0|||-
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Regional Mathematical Olympiad-2000
Problems and Solutions

1. Let AC be a line segment in the plane andB a point betweenA and C. Construct isosceles
triangles PAB and QBC on one side of the segmentAC such that \ APB = \ BQC = 120�

and an isosceles triangleRAC on the otherside of AC such that \ ARC = 120� . Show
that PQR is an equilateral triangle.

Solution: We give here 2 di�erent solutions.

1. Drop perpendiculars from P and Q to AC and extend them to meetAR; RC in K; L
respectively. Join KB; PB; QB; LB; KL .(Fig.1.)

A C

Q

P

R

B

Fig.   1 

K

L
A B C

Q

P

R

K

Fig.   2

Observe that K; B; Q are collinear and so areP; B; L . ( This is because\ QBC =
\ PBA = \ KBA and similarly \ PBA = \ CBL .) By symmetry we see that
\ KPQ = \ PKL and \ KPB = \ PKB . It follows that \ LPQ = \ LKQ and hence
K; L; Q; P are concyclic. We also note that\ KPL + \ KRL = 60 � + 120� = 180� .
This implies that P; K; R; L are concyclic. We conclude thatP; K; R; L; Q are con-
cyclic. This gives

\ PRQ = \ PKQ = 60 � ; \ RPQ = \ RKQ = \ RAP = 60 � :

2. Produce AP and CQ to meet at K . Observe that AKCR is a rhombus andBQKP
is a parallelogram.(See Fig.2.) Put AP = x; CQ = y. Then PK = BQ = y,
KQ = PB = x and AR = RC = CK = KA = x + y. Using cosine rule in triangle
PKQ , we get PQ2 = x2 + y2 � 2xy cos 120� = x2 + y2 + xy. Similarly cosine rule in
triangle QCR gives QR2 = y2 + ( x + y)2 � 2xy cos 60� = x2 + y2 + xy and cosine rule
in triangle PAR gives RP 2 = x2 + ( x + y)2 � 2xy cos 60� = x2 + y2 + xy. It follows
that PQ = QR = RP .

2. Solve the equationy3 = x3 + 8x2 � 6x + 8, for positive integers x and y.

1



Solution: We have

y3 � (x + 1) 3 = x3 + 8x2 � 6x + 8 � (x3 + 3x2 + 3x + 1) = 5 x2 � 9x + 7 :

Consider the quadratic equation 5x2 � 9x + 7 = 0. The discriminant of this equation is
D = 9 2 � 4 � 5 � 7 = � 59 < 0 and hence the expression 5x2 � 9x + 7 is positive for all real
values ofx. We conclude that (x + 1) 3 < y 3 and hencex + 1 < y .

On the other hand we have

(x + 3) 3 � y3 = x3 + 9x2 + 27x + 27 � (x3 + 8x2 � 6x + 8) = x2 + 33x + 19 > 0

for all positive x. We conclude that y < x + 3. Thus we must have y = x + 2. Putting
this value of y, we get

0 = y3 � (x + 2) 3 = x3 + 8x2 � 6x + 8 � (x3 + 6x2 + 12x + 8) = 2 x2 � 18x:

We conclude that x = 0 and y = 2 or x = 9 and y = 11.

3. Supposehx1; x2; : : : ; xn ; : : :i is a sequence of positive real numbers such thatx1 � x2 �
x3 � � � � � xn � � � , and for all n

x1

1
+

x4

2
+

x9

3
+ � � � +

xn2

n
� 1:

Show that for all k the following inequality is satis�ed:

x1

1
+

x2

2
+

x3

3
+ � � � +

xk

k
� 3:

Solution: Let k be a natural number and n be the unique integer such that (n � 1)2 �
k < n 2. Then we see that

kX

r =1

xr

r
�

� x1

1
+

x2

2
+

x3

3

�
+

� x4

4
+

x5

5
+ � � � +

x8

8

�

+ � � � +
�

x(n� 1)2

(n � 1)2 + � � � +
xk

k
+ � � � +

xn2 � 1

n2 � 1

�

�
� x1

1
+

x1

1
+

x1

1

�
+

� x4

4
+

x4

4
+ � � � +

x4

4

�

+ � � � +
�

x(n� 1)2

(n � 1)2 + � � � +
x(n� 1)2

(n � 1)2

�

=
3x1

1
+

5x2

4
+ � � � +

(2n � 1)x(n� 1)2

(n � 1)2

=
n� 1X

r =1

(2r + 1) xr 2

r 2

2



�
n� 1X

r =1

3r
r 2 xr 2

= 3
n� 1X

r =1

xr 2

r
� 3;

where the last inequality follows from the given hypothesis.

4. All the 7-digit numbers containing each of the digits 1; 2; 3; 4, 5; 6; 7 exactly once, and not
divisible by 5, are arranged in the increasing order. Find the 2000-th number in this list.

Solution: The number of 7-digit numbers with 1 in the left most place and containing
each of the digits 1; 2; 3; 4, 5; 6; 7 exactly once is 6! = 720. But 120 of these end in 5 and
hence are divisible by 5. Thus the number of 7-digit numbers with 1 in the left most place
and containing each of the digits 1; 2; 3; 4, 5; 6; 7 exactly once but not divisible by 5 is 600.
Similarly the number of 7-digit numbers with 2 and 3 in the left most place and containing
each of the digits 1; 2; 3; 4, 5; 6; 7 exactly once but not divisible by 5 is also 600 each. These
account for 1800 numbers. Hence 2000-th number must have 4 inthe left most place.

Again the number of such 7-digit numbers beginning with 41,42 and not divisible by 5 is
120� 24 = 96 each and these account for 192 numbers. This shows that2000-th number
in the list must begin with 43.

The next 8 numbers in the list are: 4312567, 4312576, 4312657, 4312756, 4315267, 4315276,
4315627 and 4315672. Thus 2000-th number in the list is 4315672.

5. The internal bisector of angleA in a triangle ABC with AC > AB , meets the circumcircle
� of the triangle in D . Join D to the centre O of the circle � and suppose DO meetsAC
in E, possibly when extended. Given thatBE is perpendicular to AD , show that AO is
parallel to BD .

Solution: We consider here the case whenABC is an acute-angled triangle; the cases
when \ A is obtuse or one of the angles\ B and \ C is obtuse may be handled similarly.

A

B C

D

E

ON

M

3



Let M be the point of intersection of DE and BC ; let AD intersect BE in N . SinceME
is the perpendicular bisector ofBC , we haveBE = CE. SinceAN is the internal bisector
of \ A, and is perpendicular to BE , it must bisect BE ; i.e., BN = NE . This in turn
implies that DN bisects\ BDE . But \ BDA = \ BCA = \ C. Thus \ ODA = \ C. Since
OD = OA, we get \ OAD = \ C. It follows that \ BDA = \ C = \ OAD . This implies
that OA is parallel to BD .

6. (i) Consider two positive integers a and b which are such that aa bb is divisible by 2000.
What is the least possible value of the productab?
(ii) Consider two positive integers a and b which are such that abba is divisible by 2000.
What is the least possible value of the productab?

Solution: We have 2000 = 2453.

(i) Since 2000 dividesaabb, it follows that 2 divides a or b and similarly 5 divides a or b.
In any case 10 dividesab. Thus the least possible value ofab for which 2000jaabb must
be a multiple of 10. Since 2000 divides 101011, we can takea = 10; b = 1 to get the least
value of ab equal to 10.

(ii) As in (i) we conclude that 10 divides ab. Thus the least value of ab for which
2000jabba is again a multiple of 10. If ab = 10, then the possibilities are (a; b) =
(1; 10); (2; 5); (5; 2); (10; 1). But in all these cases it is easy to verify that 2000 does not
divide abba. The next multiple of 10 is 20. In this case we can take (a; b) = (4 ; 5) and
verify that 2000 divides 4554. Thus the least value here is 20.

7. Find all real values ofa for which the equation x4 � 2ax2 + x + a2 � a = 0 has all its roots
real.

Solution: Let us considerx4 � 2ax2 + x + a2 � a = 0 as a quadratic equation in a. We
see that thee roots are

a = x2 + x; a = x2 � x + 1 :

Thus we get a factorisation

(a � x2 � x)(a � x2 + x � 1) = 0 :

It follows that x2 + x = a or x2 � x + 1 = a. Solving these we get

x =
� 1 �

p
1 + 4a

2
; or x =

� 1 �
p

4a � 3
2

:

Thus all the four roots are real if and only if a � 3=4.
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Problems and Solutions: CRMO-2011

1. Let ABC be a triangle. Let D , E , F be points respectively on the segments BC ,
CA, AB such that AD , BE , CF concur at the point K . Suppose BD=DC =
BF=FA and \ ADB = \ AFC . Prove that \ ABE = \ CAD .

Solution: Since BD=DC = BF=FA ,
the lines DF and CA are parallel. We
also have \ BDK = \ ADB = \ AFC =
180� � \ BFK , so that BDKF is a cyclic
quadrilateral. Hence \ FBK = \ FDK .
Finally, we get

\ ABE = \ FBK = \ FDK

= \ FDA = \ DAC;

since FD k AC .

2. Let (a1; a2; a3; : : : ; a2011) be a permutation (that is a rearrangement) of the num-
bers 1; 2; 3; : : : ; 2011. Show that there exist two numbers j; k such that 1 � j <
k � 2011and

�
�aj � j

�
� =

�
�ak � k

�
� .

Solution: Observe that
P 2011

j =1

�
aj � j

�
= 0 , since (a1; a2; a3; : : : ; a2011) is a permu-

tation of 1; 2; 3; : : : ; 2011. Hence
P 2011

j =1

�
�aj � j

�
� is even. Suppose

�
�aj � j

�
� 6=

�
�ak � k

�
�

for all j 6= k. This means the collection
�

jaj � j j : 1 � j � 2011
	

is the same
as the collection f 0; 1; 2; : : : ; 2010g as the maximum difference is 2011-1=2010.
Hence

2011X

j =1

�
�aj � j

�
� = 1 + 2 + 3 + � � � + 2010 =

2010� 2011
2

= 2011 � 1005;

which is odd. This shows that jaj � j j = jak � kj for some j 6= k.

3. A natural number n is chosen strictly between two consecutive perfect squares.
The smaller of these two squares is obtained by subtracting k from n and the
larger one is obtained by adding l to n. Prove that n � kl is a perfect square.

Solution: Let u be a natural number such that u2 < n < (u + 1) 2. Then
n � k = u2 and n + l = ( u + 1) 2. Thus

n � kl = n �
�
n � u2��

(u + 1) 2 � n
�

= n � n(u + 1) 2 + n2 + u2(u + 1) 2 � nu2

= n2 + n
�

1 � (u + 1) 2 � u2
�

+ u2(u + 1) 2

= n2 + n
�
1 � 2u2 � 2u � 1

�
+ u2(u + 1) 2

= n2 � 2nu(u + 1) +
�
u(u + 1)

� 2

=
�
n � u(u + 1)

� 2:



4. Consider a 20-sided convex polygon K , with vertices A1; A2; : : : ; A20 in that
order. Find the number of ways in which three sides of K can be chosen so
that every pair among them has at least two sides of K between them. (For
example (A1A2; A4A5; A11A12) is an admissible triple while (A1A2; A4A5; A19A20)
is not.)

A

A

A

A
18

A
19

A 20
A

1 2

3

4K

Solution: First let us count all
the admissible triples having A1A2

as one of the sides. Having cho-
sen A1A2, we cannot choose A2A3,
A3A4, A20A1 nor A19A20. Thus we
have to choose two sides sepa-
rated by 2 sides among 15 sides
A4A5, A5A6, : : :, A18A19. If A4A5 is
one of them, the choice for the re-
maining side is only from 12 sides

A7A8, A8A9, : : :, A18A19. If we choose A5A6 after A1A2, the choice for the third
side is now only from A8A9, A9A10, : : :, A18A19 (11 sides). Thus the number
of choices progressively decreases and �nally for the side A15A16 there is only
one choice, namely, A18A19. Hence the number of triples with A1A2 as one of
the sides is

12 + 11 + 10 + � � � + 1 =
12� 13

2
= 78:

Hence the number of triples then would be (78 � 20)=3 = 520.

Remark: For an n-sided polygon, the number of such triples is
n(n � 7)(n � 8)

6
,

for n � 9. We may check that for n = 20, this gives (20 � 13� 12)=6 = 520.

5. Let ABC be a triangle and let BB 1, CC1 be respectively the bisectors of \ B ,
\ C with B1 on AC and C1 on AB . Let E , F be the feet of perpendiculars
drawn from A onto BB 1, CC1 respectively. Suppose D is the point at which
the incircle of ABC touches AB . Prove that AD = EF .

Solution: Observe that \ ADI =
\ AF I = \ AEI = 90 � . Hence
A; F; D; I; E all lie on the circle
with AI as diameter. We also
know

\ BIC = 90 � +
\ A
2

= \ F IE:

This gives

\ FAE = 180� �
�

90� +
\ A
2

�

= 90 � �
\ A
2

:

We also have \ AID = 90 � �
\ A
2

. Thus \ FAE = \ AID . This shows the chords

FE and AD subtend equal angles at the circumference of the same circle.
Hence they have equal lengths, i.e., FE = AD .



6. Find all pairs (x; y) of real numbers such that

16x2+ y + 16x+ y2
= 1 :

Solution: Observe that

x2 + y + x + y2 +
1
2

=
�

x +
1
2

� 2

+
�

y +
1
2

� 2

� 0:

This shows that x2 + y + x + y2 � (� 1=2). Hence we have

1 = 16x2+ y + 16x+ y2
� 2

�
16x2+ y � 16x+ y2

� 1=2
; (by AM-GM inequality)

= 2
�

16x2+ y+ x+ y2
� 1=2

� 2(16)� 1=4 = 1 :

Thus equality holds every where. We conclude that

�
x +

1
2

� 2

+
�

y +
1
2

� 2

= 0 :

This shows that (x; y) = ( � 1=2; � 1=2) is the only solution, as can easily be
veri�ed.

———-00000———-



Problems and Solutions. . . CRMO-2002

1. In an acute triangle ABC , points D , E , F are located on the sidesBC , CA, AB respectively
such that

CD
CE

=
CA
CB

;
AE
AF

=
AB
AC

;
BF
BD

=
BC
BA

:

Prove that AD , BE , CF are the altitudes of ABC .

Solution: Put CD = x. Then with usual notations we get

CE =
CD � CB

CA
=

ax
b

:

SinceAE = AC � CE = b� CE, we obtain

AE =
b2 � ax

b
; AF =

AE � AC
AB

=
b2 � ax

c
:

A

B C

E

F

D

b

b

a

a

a

a

Fig. 1

A

B C

E

F

D

Fig. 2

This in turn gives

BF = AB � AF =
c2 � b2 + ax

c
:

Finally we obtain

BD =
c2 � b2 + ax

a
:

Using BD = a � x, we get

x =
a2 � c2 + b2

2a
:

However, if L is the foot of perpendicular from A on to BC then, using Pythagoras theorem
in triangles ALB and ALC we get

b2 � LC 2 = c2 � (a � LC )2

which reduces toLC = ( a2 � c2 + b2)=2a. We conclude that LC = DC proving L = D. Or, we
can also infer that x = bcosC from cosine rule in triangle ABC . This implies that CD = CL,
since CL = bcosC from right triangle ALC . Thus AD is altitude on to BC . Similar proof
works for the remaining altitudes.



Alternately, we see that CD �CB = CE �CA, so that ABDE is a cyclic quadrilateral. Similarly
we infer that BCEF and CAF D are also cyclic quadrilaterals. (See Fig. 2.) Thus\ AEF =
\ B = \ CED . Moreover \ BED = \ DAF = \ DCF = \ BCF = \ BEF . It follows that
\ BEA = \ BEC and hence each is a right angle thus proving thatBE is an altitude. Similarly
we prove that CF and AD are altitudes. (Note that the concurrence of the linesAD , BE ,
CF are not required.)

2. Solve the following equation for realx:

(x2 + x � 2)3 + (2 x2 � x � 1)3 = 27(x2 � 1)3:

Solution: By setting u = x2 + x � 2 and v = 2 x2 � x � 1, we observe that the equation reduces
to u3 + v3 = ( u + v)3. Since (u + v)3 = u3 + v3 + 3 uv(u + v), it follows that uv(u + v) = 0.
Hence u = 0 or v = 0 or u + v = 0. Thus we obtain x2 + x � 2 = 0 or 2x2 � x � 1 = 0 or
x2 � 1 = 0. Solving each of them we getx = 1 ; � 2 or x = 1 ; � 1=2 or x = 1 ; � 1. Thus x = 1 is
a root of multiplicity 3 and the other roots are � 1; � 2; � 1=2.

(Alternately, it can be seen that x � 1 is a factor of x2 + x � 2, 2x2 � x � 1 and x2 � 1. Thus
we can write the equation in the form

(x � 1)3(x + 2) 3 + ( x � 1)3(2x + 1) 3 = 27(x � 1)3(x + 1) 3:

Thus it is su�cient to solve the cubic equation

(x + 2) 3 + (2 x + 1) 3 = 27(x + 1) 3:

This can be solved as earlier or expanding every thing and simplifying the relation.)

3. Let a; b; cbe positive integers such thata divides b2, b divides c2 and c divides a2. Prove that
abcdivides (a + b+ c)7.

Solution: Consider the expansion of (a + b+ c)7. We show that each term here is divisible
by abc. It contains terms of the form r klm ak bl cm , where r klm is a constant( some binomial
coe�cient) and k; l; m are nonnegative integers such thatk + l + m = 7. If k � 1, l � 1, m � 1,
then abc divides ak bl cm . Hence we have to consider terms in which one or two ofk; l; m are
zero. Suppose for examplek = l = 0 and consider c7. Since b divides c2 and a divides c4,
it follows that abc divides c7. A similar argument gives the result for a7 or b7. Consider the
case in which two indices are nonzero, say for example,bc6. Sincea divides c4, here againabc
divides bc6. If we take b2c5, then also usinga divides c4 we obtain the result. For b3c4, we use
the fact that a divides b2. Similar argument works for b4c3, b5c2 and b6c. Thus each of the
terms in the expansion of (a + b+ c)7 is divisible by abc.

4. Suppose the integers 1; 2; 3; : : : ; 10 are split into two disjoint collections a1; a2; a3; a4; a5 and
b1; b2; b3; b4; b5 such that

a1 < a 2 < a 3 < a 4 < a 5;

b1 > b2 > b3 > b4 > b5:

(i) Show that the larger number in any pair f aj ; bj g, 1 � j � 5, is at least 6.

(ii) Show that ja1 � b1j + ja2 � b2j + ja3 � b3j + ja4 � b4j + ja5 � b5j = 25 for every such partition.
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Solution:

(i) Fix any pair f aj ; bj g. We havea1 < a 2 < � � � < a j � 1 < a j and bj > b j +1 > � � � > b5. Thus
there are j � 1 numbers smaller thanaj and 5 � j numbers smaller than bj . Together
they account for j � 1 + 5 � j = 4 distinct numbers smaller than aj as well asbj . Hence
the larger of aj and bj is at least 6.

(ii) The �rst part shows that the larger numbers in the pairs f aj ; bj g, 1 � j � 5, are
6; 7; 8; 9; 10 and the smaller numbers are1; 2; 3; 4; 5. This implies that

ja1 � b1j + ja2 � b2j + ja3 � b3j + ja4 � b4j + ja5 � b5j

= 10 + 9 + 8 + 7 + 6 � (1 + 2 + 3 + 4 + 5) = 25 :

5. The circumference of a circle is divided into eight arcs bya convex quadrilateral ABCD , with
four arcs lying inside the quadrilateral and the remaining four lying outside it. The lengths of
the arcs lying inside the quadrilateral are denoted byp, q, r , s in counter-clockwise direction
starting from some arc. Supposep + r = q + s. Prove that ABCD is a cyclic quadrilateral.

Solution: Let the lengths of the arcsXY , UV, EF , GH be respectivelyp, q, r , s. We also
the following notations: (See �gure)

A

B

C

D

X

Y

U

V

E

F
G

H

P

a_1

a_2

a_3

a_4
b_1

b_2

b_3

b_4

g_1g_2

g_3

g_4

d_1

d_2

d_3

d_4

Fig. 3

\ XAY = � 1, \ AY P = � 2, \ Y P X = � 3, \ P XA = � 4, \ UBY = � 1, \ BV P = � 2, \ V P U =
� 3, \ P UB = � 4, \ ECF =  1, \ CF P =  2, \ F P E =  3, \ P EC =  4, \ GDH = � 1,
\ DHP = � 2, \ HP G = � 3, \ P GD = � 4.

We observe that X
� j =

X
� j =

X
 j =

X
� j = 2 �:

It follows that X
(� j +  j ) =

X
(� j + � j ):

On the other hand, we also have� 2 = � 4 sinceP Y = P U. Similarly we have other relations:
� 2 =  4,  2 = � 4 and � 2 = � 4. It follows that

� 1 + � 3 +  1 +  3 = � 1 + � 3 + � 1 + � 3:

3



But p + r = q + s implies that � 3 +  3 = � 3 + � 3. We thus obtain

� 1 +  1 = � 1 + � 1:

Since � 1 +  1 + � 1 + � 1 = 360� , it follows that ABCD is a cyclic quadrilateral.

6. For any natural number n > 1, prove the inequality:

1
2

<
1

n2 + 1
+

2
n2 + 2

+
3

n2 + 3
+ � � � +

n
n2 + n

<
1
2

+
1

2n
:

Solution: We have n2 < n 2 + 1 < n 2 + 2 < n 2 + 3 � � � < n 2 + n. Hence we see that

1
n2 + 1

+
2

n2 + 2
+ � � � +

n
n2 + n

>
1

n2 + n
+

2
n2 + n

+ � � � +
n

n2 + n

=
1

n2 + n
(1 + 2 + 3 + � � � n) =

1
2

:

Similarly, we see that

1
n2 + 1

+
2

n2 + 2
+ � � � +

n
n2 + n

<
1
n2 +

2
n2 + � � � +

n
n2

=
1
n2 (1 + 2 + 3 + � � � n) =

1
2

+
1

2n
:

7. Find all integers a; b; c; dsatisfying the following relations:

(i) 1 � a � b � c � d;

(ii) ab+ cd = a + b+ c + d + 3.

Solution: We may write (ii) in the form

ab� a � b+ 1 + cd � c � d + 1 = 5 :

Thus we obtain the equation (a � 1)(b� 1) + ( c � 1)(d � 1) = 5. If a � 1 � 2, then (i) shows
that b� 1 � 2, c � 1 � 2 and d � 1 � 2 so that (a � 1)(b� 1) + ( c � 1)(d � 1) � 8. It follows
that a � 1 = 0 or 1.

If a � 1 = 0, then the contribution from ( a � 1)(b� 1) to the sum is zero for any choice ofb.
But then ( c � 1)(d � 1) = 5 implies that c � 1 = 1 and d � 1 = 5 by (i). Again (i) shows that
b � 1 = 0 or 1 since b � c. Taking b � 1 = 0, c � 1 = 1 and d � 1 = 5 we get the solution
(a; b; c; d) = (1 ; 1; 2; 6). Similarly, b� 1 = 1, c� 1 = 1 and d� 1 = 5 gives (a; b; c; d) = (1 ; 2; 2; 6).

In the other case a � 1 = 1, we see that b � 1 = 2 is not possible for then c � 1 � 2 and
d � 1 � 2. Thus b � 1 = 1 and this gives (c � 1)(d � 1) = 4. It follows that c � 1 = 1,
d � 1 = 4 or c � 1 = 2, d � 1 = 2. Considering each of these, we get two more solutions:
(a; b; c; d) = (2 ; 2; 2; 5); (2; 2; 3; 3).

It is easy to verify all these four quadruples are indeed solutions to our problem.
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Solutions to CRMO-2003

1. Let ABC be a triangle in which AB = AC and \ CAB = 90 � . SupposeM and
N are points on the hypotenuseBC such that BM 2 + CN 2 = MN 2. Prove that
\ MAN = 45 � .

Solution:

Draw CP perpendicular to CB and BQ perpendicular to CB such that CP = BM ,
BQ = CN . Join PA, PM , PN , QA, QM , QN . (See Fig. 1.)

A B

Q

M

N

C

P

a

2b

a

b

a

a

2a

Fig.  1.

In triangles CPA and BMA , we have \ PCA = 45 � = \ MBA ; PC = MB , CA =
BA . So 4 CPA � 4 BMA . Hence \ PAC = \ BAM = � , say. Consequently,
\ MAP = \ BAC = 90 � , whencePAMC is a cyclic quadrilateral. Therefore\ PMC =
\ PAC = � . Again PN 2 = PC2 + CN 2 = BM 2 + CN 2 = MN 2. SoPN = MN , giv-
ing \ NPM = \ NMP = � , in 4 PMN . Hence\ PNC = 2 � . Likewise\ QMB = 2 � ,
where � = \ CAN . Also 4 NCP � 4 QBM , as CP = BM; NC = BQ and
\ NCP = 90 � = \ QBM . Therefore, \ CPN = \ BMQ = 2 � , whence 2� + 2 � = 90 � ;
� + � = 45 � ; �nally \ MAN = 90 � � (� + � ) = 45 � .

Aliter: Let AB = AC = a, so that BC =
p

2a; and \ MAB = �; \ CAN = � .(See
Fig. 2.)

By the Sine Law, we have from4 ABM that

BM
sin �

=
AB

sin(� + 45 � )
:



So BM =
a
p

2 sin�
cos� + sin �

=
a
p

2u
1 + u

, where u = tan � .

A B

C

N

a

M

a

b

p/4

p/4

a

Fig.  2.

Similarly CN =
a
p

2v
1 + v

, where v = tan � . But

BM 2 + CN 2 = MN 2 = ( BC � MB � NC )2

= BC 2 + BM 2 + CN 2

� 2BC � MB � 2BC � NC + MB � NC:

So
BC 2 � 2BC � MB � 2BC � NC + 2MB � NC = 0 :

This reduces to

2a2 � 2
p

2a
a
p

2u
1 + u

� 2
p

2a
a
p

2v
1 + v

+
4a2uv

(1 + u)(1 + v)
= 0 :

Multiplying by (1 + u)(1 + v)=2a2, we obtain

(1 + u)(1 + v) � 2u(1 + v) � 2v(1 + u) + 2 uv = 0 :

Simpli�cation gives 1 � u � v � uv = 0. So

tan( � + � ) =
u + v
1 � uv

= 1 :

This gives � + � = 45 � ,whence\ MAN = 45 � , as well.
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2. If n is an integer greater than 7, prove that
�

n
7

�
�

hn
7

i
is divisible by 7.

�
Here

�
n
7

�

denotes the number of ways of choosing 7 objects from amongn objects; also, for any
real number x, [x] denotes the greatest integer not exceedingx.

�

Solution: We have �
n
7

�
=

n(n � 1)(n � 2) : : : (n � 6)
7!

:

In the numerator, there is a factor divisible by 7, and the other six factors leave the
remainders 1,2,3,4,5,6 in some order when divided by 7.

Hence the numerator may be written as

7k � (7k1 + 1) � (7k2 + 2) � � � (7k6 + 6) :

Also we conclude that
hn

p

i
= k, as in the set

�
n; n � 1; : : : n � 6

	
, 7k is the only

number which is a multiple of 7. If the given number is calledQ, then

Q = 7k �
(7k1 + 1)(7 k2 + 2) : : : (7k6 + 6)

7!
� k

= k
�

(7k1 + 1) : : : (7k6 + 6) � 6!
6!

�

=
k[7t + 6! � 6!]

6!

=
7tk
6!

:

We know that Q is an integer, and so 6! divides 7tk . Since gcd(7; 6!) = 1, even after
cancellation there is a factor of 7 still left in the numerator. Hence 7 dividesQ, as
desired.

3. Let a, b, c be three positive real numbers such thata + b+ c = 1. Prove that among
the three numbersa � ab, b � bc, c � ca there is one which is at most 1/4 and there
is one which is at least 2/9.

Solution: By AM-GM inequality, we have

a(1 � a) �
�

a + 1 � a
2

� 2

=
1
4

:

Similarly we also have

b(1 � b) �
1
4

and c(1 � c) �
1
4

:

Multiplying these we obtain

abc(1 � a)(1 � b)(1 � c) �
1
43 :

3



We may rewrite this in the form

a(1 � b) � b(1 � c) � c(1 � a) �
1
43 :

Hence one factor at least
�
among a(1 � b); b(1 � c); c(1 � a)

�
has to be less than or

equal to
1
4

; otherwise lhs would exceed
1
43 .

Again consider the suma(1� b)+ b(1� c)+ c(1� a). This is equal to a+ b+ c� ab� bc� ca.
We observe that

3
�
ab+ bc+ ca

�
�

�
a + b+ c

� 2;

which, in fact, is equivalent to (a � b)2 + ( b � c)2 + ( c � a)2 � 0. This leads to the
inequality

a + b+ c � ab� bc� ca � (a + b+ c) �
1
3

(a + b+ c)2 = 1 �
1
3

=
2
3

:

Hence one summand at least
�

among a(1 � b); b(1 � c); c(1 � a)
�

has to be greater

than or equal to
2
9

;
�
otherwise lhs would be less than

2
3

.
�

4. Find the number of ordered triples (x; y; z) of nonnegative integers satisfying the
conditions:

(i) x � y � z;

(ii) x + y + z � 100.

Solution: We count by brute force considering the casesx = 0 ; x = 1 ; : : : ; x = 33.
Observe that the least valuex can take is zero, and its largest value is 33.

x = 0 If y = 0, then z 2
�

0; 1; 2; : : : ; 100
	

; if y=1, then z 2
�

1; 2; : : : ; 99
	

; if y = 2,
then z 2

�
2; 3; : : : ; 98

	
; and so on. Finally if y = 50, then z 2 f 50g. Thus there are

altogether 101 + 99 + 97 + � � � + 1 = 51 2 possibilities.

x = 1. Observe that y � 1. If y = 1, then z 2
�

1; 2; : : : ; 98
	

; if y = 2, then z 2�
2; 3; : : : ; 97

	
; if y = 3, then z 2

�
3; 4; : : : ; 96

	
; and so on. Finally if y = 49, then

z 2
�

49; 50
	

. Thus there are altogether 98 + 96 + 94 + � � � + 2 = 49 � 50 possibilities.

General case. Let x be even, say,x = 2k, 0 � k � 16. If y = 2k, then z 2�
2k; 2k + 1 ; : : : ; 100� 4k

	
; if y = 2k + 1, then z 2

�
2k + 1 ; 2k + 2 ; : : : ; 99 � 4k

	
; if

y = 2k + 2, then z 2
�

2k + 2 ; 2k + 3 ; : : : ; 99 � 4k
	

; and so on.

Finally, if y = 50 � k, then z 2
�

50� k
	

. There are altogether

(101 � 6k) + (99 � 6k) + (97 � 6k) + � � � + 1 = (51 � 3k)2

possibilities.
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Let x be odd, say,x = 2k + 1, 0 � k � 16. If y = 2k + 1, then z 2
�

2k + 1 ; 2k +
2; : : : ; 98 � 4k

	
; if y = 2k + 2, then z 2

�
2k + 2 ; 2k + 3 ; : : : ; 97 � 4k

	
; if y = 2k + 3,

then z 2
�

2k + 3 ; 2k + 4 ; : : : ; 96 � 4k
	

; and so on.

Finally, if y = 49 � k, then z 2
�

49� k; 50 � k
	

. There are altogether

(98 � 6k) + (96 � 6k) + (94 � 6k) + � � � + 2 = (49 � 3k)(50 � 3k)

possibilities.

The last two caseswould be as follows:

x = 32: if y = 32, then z 2
�

32; 33; 34; 35; 36
	

; if y = 33, then z 2
�

33; 34; 35
	

; if
y = 34, then z 2

�
34

	
; altogether 5 + 3 + 1 = 9 = 3 2 possibilities.

x = 33: if y = 33, then z 2
�

33; 34
	

; only 2=1.2 possibilities.

Thus the total number of triples, say T, is given by,

T =
16X

k=0

(51 � 3k)2 +
16X

k=0

(49 � 3k)(50 � 3k):

Writing this in the reverse order, we obtain

T =
17X

k=1

(3k)2 +
17X

k=0

(3k � 2)(3k � 1)

= 18
17X

k=1

k2 � 9
17X

k=1

k + 34

= 18
�

17� 18� 35
6

�
� 9

�
17 � 18

2

�
+ 34

= 30; 787:

Thus the answer is 30787.

Aliter

It is known that the number of ways in which a given positive integer n � 3 can be
expressed as a sum of three positive integersx; y; z (that is, x + y + z = n), subject

to the condition x � y � z is
�

n2

12

�
, where f ag represents the integer closest toa. If

zero values are allowed forx; y; z then the corresponding count is
�

(n + 3) 2

12

�
, where

now n � 0.

Since in our problemn = x + y + z 2
�

0; 1; 2; : : : ; 100
	

, the desired answer is

100X

n=0

�
(n + 3) 2

12

�
:
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For n = 0 ; 1; 2; 3; : : : ; 11, the corrections forfg to get the nearest integers are

3
12

;
� 4
12

;
� 1
12

; 0;
� 1
12

;
� 4
12

;
3
12

;
� 4
12

;
� 1
12

; 0;
� 1
12

;
� 4
12

:

So, for 12 consecutive integer values ofn, the sum of the corrections is equal to
�

3 � 4 � 1 � 0 � 1 � 4 � 3
12

�
� 2 =

� 7
6

:

Since
101
12

= 8 +
5
12

, there are 8 sets of 12 consecutive integers in
�

3,4,5, ... ,103
	

with 99,100,101,102,103 still remaining. Hence the total correction is
�

� 7
6

�
� 8 +

3 � 4 � 1 � 0 � 1
12

=
� 28

3
�

1
4

=
� 115

12
:

So the desired numberT of triples (x; y; z) is equal to

T =
100X

n=0

(n + 3) 2

12
�

115
12

=

�
12 + 2 2 + 3 2 + � � � + 1032

�
�

�
12 + 2 2

�

12
�

115
12

=
103� 104� 207

6 � 12
�

5
12

�
115
12

= 30787:

5. SupposeP is an interior point of a triangle ABC such that the ratios

d(A; BC )
d(P; BC)

;
d(B; CA )
d(P; CA)

;
d(C; AB )
d(P; AB )

are all equal. Find the common value of these ratios.
�
Here d(X; Y Z ) denotes the

perpendicular distance from a point X to the line Y Z.
�

Solution: Let AP; BP; CP when extended, meet the sidesBC; CA; AB in D; E; F
respectively. Draw AK; PL perpendicular to BC with K; L on BC .(See Fig. 3.)
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B C

A

y

x

C

A

B

P

K L D

EF

(0,0) (a,0)

P(u,v)

(h,k)

Fig.  4.Fig.  3.

Now
d(A; BC )
d(P; BC)

=
AK
PL

=
AD
PD

:

Similarly,
d(B; CA )
d(P; CA)

=
BE
PE

and
d(C; AB )
d(P; AB )

=
CF
PF

:

So, we obtain

AD
PD

=
BE
PE

=
CF
PF

; and hence
AP
PD

=
BP
PE

=
CP
PF

:

From
AP
PD

=
BP
PE

and \ APB = \ DPE , it follows that triangles APB and DPE are

similar. So \ ABP = \ DEP and henceAB is parallel to DE .

Similarly, BC is parallel to EF and CA is parallel to DF . Using these we obtain

BD
DC

=
AE
EC

=
AF
FB

=
DC
BD

;

whenceBD 2 = CD 2 or which is same asBD = CD. Thus D is the midpoint of BC .
Similarly E; F are the midpoints of CA and AB respectively.

We infer that AD; BE; CF are indeed the medians of the triangleABC and henceP
is the centroid of the triangle. So

AD
PD

=
BE
PE

=
CF
PF

= 3 ;

and consequently each of the given ratios is also equal to 3.

Aliter
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Let ABC , the given triangle be placed in thexy-plane so that B = (0 ; 0); C = ( a;0)
(on the x- axis). (See Fig. 4.)

Let A = ( h; k) and P = ( u; v). Clearly d(A; BC ) = k and d(P; BC) = v, so that

d(A; BC )
d(P; BC)

=
k
v

:

The equation to CA is kx � (h � a)y � ka = 0. So

d(B; CA )
d(P; CA)

=
� ka

p
k2 + ( h � a)2

,
(ku � (h � a)v � ka)

p
k2 + ( h � a)2

=
� ka

ku � (h � a)v � ka
:

Again the equation to AB is kx � hy = 0. Therefore

d(C; AB )
d(P; AB )

=
ka

p
h2 + k2

,
(ku � hv)
p

h2 + k2

=
ka

ku � hv
:

From the equality of these ratios, we get

k
v

=
� ka

ku � (h � a)v � ka
=

ka
ku � hv

:

The equality of the �rst and third ratios gives ku � (h+ a)v = 0. Similarly the equality
of second and third ratios gives 2ku � (2h � a)v = ka. Solving for u and v, we get

u =
h + a

3
; v =

k
3

:

Thus P is the centroid of the triangle and each of the ratios is equalto
k
v

= 3.

6. Find all real numbers a for which the equation

x2 + ( a � 2)x + 1 = 3 jxj

has exactly three distinct real solutions in x.

Solution: If x � 0, then the given equation assumes the form,

x2 + ( a � 5)x + 1 = 0 : � � � (1)

If x < 0, then it takes the form

x2 + ( a + 1) x + 1 = 0 : � � � (2)

For these two equations to have exactly three distinct real solutions we should have
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(I) either (a � 5)2 > 4 and (a + 1) 2 = 4;

(II) or (a � 5)2 = 4 and (a + 1) 2 > 4.

Case (I) From (a+1) 2 = 4, we have a = 1 or -3. But only a = 1 satis�es ( a� 5)2 > 4.

Thus a = 1. Also when a = 1, equation (1) has solutions x = 2 +
p

3; and (2) has
solutions x = � 1; � 1. As 2 �

p
3 > 0 and � 1 < 0, we see thata = 1 is indeed a

solution.

Case (II) From (a � 5)2 = 4, we have a=3 or 7. Both these values ofa satisfy the
inequality ( a + 1) 2 > 4. When a = 3, equation (1) has solutions x = 1 ; 1 and (2) has
the solutions x = � 2 �

p
3. As 1> 0 and � 2 �

p
3 < 0, we see thata = 3 is in fact a

solution.

When a = 7, equation (1) has solutions x = � 1; � 1, which are negative contradicting
x � 0.

Thus a = 1 ; a = 3 are the two desired values.

7. Consider the setX =
�

1; 2; 3; : : : ; 9; 10
	

. Find two disjoint nonempty subsets A and
B of X such that

(a) A [ B = X ;

(b) prod( A) is divisible by prod(B ), where for any �nite set of numbers C, prod(C)
denotes the product of all numbers inC ;

(c) the quotient prod( A)=prod(B ) is as small as possible.

Solution: The prime factors of the numbers in set
�

1,2,3, . . . , 9,10
	

are 2,3,5,7. Also
only 7 2 X has the prime factor 7. Hence it cannot appear inB . For otherwise, 7 in
the denominator would not get canceled. Thus 72 A.

Hence
prod(A)=prod(B ) � 7:

The numbers having prime factor 3 are 3,6,9. So 3 and 6 should belong to one ofA
and B , and 9 belongs to the other. We may take 3; 6 2 A, 9 2 B .

Also 5 divides 5 and 10. We take 52 A, 10 2 B . Finally we take 1; 2; 4 2 A, 8 2 B .
Thus

A =
�

1; 2; 3; 4; 5; 6; 7
	

; B =
�

8; 9; 10
	

;

so that
prod(A)
prod(B )

=
1 � 2 � 3 � 4 � 5 � 6 � 7

8 � 9 � 10
= 7 :

Thus 7 is the minimum value of
prod(A)
prod(B )

. There are other possibilities for A and

B : e.g., 1 may belong to eitherA or B . We may take A =
�

3; 5; 6; 7; 8
	

, B =�
1; 2; 4; 9; 10

	
.
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Regional Mathematical Olympiad-2009
Problems and Solutions

1. Let ABC be a triangle in which AB = AC and let I be its in-centre. Suppose
BC = AB + AI . Find \ BAC .

Solution:

D

A B

C

I

We observe that\ AIB = 90� + ( C=2). Extend CA to D such that AD = AI .
Then CD = CB by the hypothesis. Hence\ CDB = \ CBD = 90� � (C=2). Thus

\ AIB + \ ADB = 90� + ( C=2) + 90� � (C=2) = 180� :

HenceADBI is a cyclic quadrilateral. This implies that

\ ADI = \ ABI =
B
2

:

But ADI is isosceles, sinceAD = AI . This gives

\ DAI = 180� � 2(\ ADI ) = 180� � B:

Thus \ CAI = B and this givesA = 2B. SinceC = B, we obtain 4B = 180� and
henceB = 45� . We thus get A = 2B = 90� .

2. Show that there is no integera such that a2 � 3a � 19 is divisible by 289.

Solution: We write

a2 � 3a � 19 = a2 � 3a � 70 + 51 = (a � 10)(a + 7) + 51 :

Suppose 289 dividesa2 � 3a � 19 for some integera. Then 17 divides it and hence
17 divides (a � 10)(a + 7). Since 17 is a prime, it must divide (a � 10) or (a + 7).
But ( a+7) � (a� 10) = 17. Hence whenever 17 divides one of (a� 10) and (a+7),
it must divide the other also. Thus 172 = 289 divides (a � 10)(a + 7). It follows
that 289 divides 51, which is impossible. Thus, there is no integer a for which 289
divides a2 � 3a � 19.



3. Show that 32008 + 4 2009 can be wriiten as product of two positive integers each of
which is larger than 2009182.

Solution: We use the standard factorisation:

x4 + 4y4 = ( x2 + 2xy + 2y2)(x2 � 2xy + 2y2):

We observe that for any integersx; y,

x2 + 2xy + 2y2 = ( x + y)2 + y2 � y2;

and
x2 � 2xy + 2y2 = ( x � y)2 + y2 � y2:

We write
32008 + 4 2009 = 3 2008 + 4

�
42008) =

�
3502

� 4
+ 4

�
4502

� 4
:

Taking x = 3 502 and y = 4 502, we se that 32008 + 4 2009 = ab, where

a �
�
4502

� 2
; b �

�
4502

� 2
:

But we have �
4502

� 2
= 2 2008 > 22002 =

�
211

� 182
> (2009)182;

since 211 = 2048 > 2009.

4. Find the sum of all 3-digit natural numbers which contain at least one odd digit
and at least one even digit.

Solution: Let X denote the set of all 3-digit natural numbers; letO be those
numbers in X having only odd digits; and E be those numbers inX having only
evendigits. Then X n (O [ E) is the set of all 3-digit natural numbers having at
least one odd digit and at least one even digit.The desired sum is therefore

X

x2 X

x �
X

y2 O

y �
X

z2 E

z:

It is easy to compute the �rst sum;

X

x2 X

x =
999X

j =1

j �
99X

k=1

k

=
999� 1000

2
�

99� 100
2

= 50 � 9891 = 494550:

Consider the setO. Each number in O has its digits from the setf 1; 3; 5; 7; 9g.
Suppose the digit in unit's place is 1. We can �ll the digit in ten's place in 5 ways
and the digit in hundred's place in 5 ways. Thus there are 25 numbers in the set
O each of which has 1 in its unit's place. Similarly, there are 25 numbers whose
digit in unit's place is 3; 25 having its digit in unit's placeas 5; 25 with 7 and 25
with 9. Thus the sum of the digits in unit's place of all the numbers in O is

25(1 + 3 + 5 + 7 + 9) = 25 � 25 = 625:

2



A similar argument shows that the sum of digits in ten's placeof all the numbers in
O is 625 and that in hundred's place is also 625. Thus the sum of all the numbers
in O is

625(102 + 10 + 1) = 625 � 111 = 69375:

Consider the setE. The digits of numbers inE are from the setf 0; 2; 4; 6; 8g, but
the digit in hundred's place is never 0. Suppose the digit in unit's place is 0. There
are 4� 5 = 20 such numbers. Similarly, 20 numbers each having digits2,4,6,8 in
their unit's place. Thus the sum of the digits in unit's placeof all the numbers in
E is

20(0 + 2 + 4 + 6 + 8) = 20 � 20 = 400:

A similar reasoning shows that the sum of the digits in ten's place of all the numbers
in E is 400, but the sum of the digits in hundred's place of all the numbers in E
is 25� 20 = 500. Thus the sum of all the numbers inE is

500� 102 + 400 � 10 + 400 = 54400:

The required sum is

494550� 69375� 54400 = 370775:

5. A convex polygon � is such that the distance between any twovertices of � does
not exceed 1.

(i) Prove that the distance between any two points on the boundary of � does
not exceed 1.

(ii) If X and Y are two distinct points inside �, prove that there exists a point
Z on the boundary of � such that XZ + Y Z � 1.

Solution:

(i) Let S and T be two points on the boundary of �, with S lying on the side
AB and T lying on the sideP Q of �. (See Fig. 1.) Join TA, TB, TS. Now
ST lies betweenTA and TB in triangle TAB . One of \ AST and \ BST is
at least 90� , say \ AST � 90� . HenceAT � TS. But AT lies inside triangle
AP Q and one of\ ATP and \ ATQ is at least 90� , say \ ATP � 90� . Then
AP � AT . Thus we getTS � AT � AP � 1.

ZA S B

T

P

Q

C D

X

Y

Z

E

F

1

2

Fig.  2
Fig.   1
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(ii) Let X and Y be points in the interior �. Join XY and produce them on
either side to meet the sidesCD and EF of � at Z1 and Z2 respectively. WE
have

(XZ 1 + Y Z1) + ( XZ 2 + Y Z2) = ( XZ 1 + XZ 2) + ( Y Z1 + Y Z2)

= 2Z1Z2 � 2;

by the �rst part. Therefore one of the sumsXZ 1 + Y Z1 and XZ 2 + Y Z2 is
at most 1. We may chooseZ accordingly asZ1 or Z2.

6. In a book with page numbers from 1 to 100, some pages are torno�. The sum of
the numbers on the remaining pages is 4949. How many pages aretorn o�?

Solution: Supposer pages of the book are torn o�. Note that the page numbers
on both the sides of a page are of the form 2k � 1 and 2k, and their sum is 4k � 1.
The sum of the numbers on the torn pages must be of the form

4k1 � 1 + 4k2 � 1 + � � � + 4kr � 1 = 4(k1 + k2 + � � � + kr ) � r:

The sum of the numbers of all the pages in the untorn book is

1 + 2 + 3 + � � � + 100 = 5050:

Hence the sum of the numbers on the torn pages is

5050� 4949 = 101:

We therefore have
4(k1 + k2 + � � � + kr ) � r = 101:

This shows that r � 3 (mod 4). Thus r = 4 l + 3 for some l � 0.

Supposer � 7, and supposek1 < k 2 < k 3 < � � � < k r . Then we see that

4(k1 + k2 + � � � + kr ) � r � 4(k1 + k2 + � � � + k7) � 7

� 4(1 + 2 + � � � + 7) � 7

= 4 � 28� 7 = 105 > 101:

Hencer = 3. This leads to k1 + k2 + k3 = 26 and one can choose distinct positive
integersk1; k2; k3 in several ways.

|||-00|||-
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Regional Mathematical Olympiad-2010
Problems and Solutions

1. Let ABCDEF be a convex hexagon in which the diagonalsAD , BE , CF are concurrent
at O. Suppose the area of traingleOAF is the geometric mean of those ofOAB and
OEF ; and the area of triangle OBC is the geometric mean of those ofOAB and OCD.
Prove that the area of triangle OED is the geometric mean of those ofOCD and OEF .

d

b

c

e

f

a

O

v w

x 

y

u

z

A B

C

D
E

F

Solution: Let OA = a, OB = b, OC = c,
OD = d, OE = e, OF = f , [OAB ] =
x, [OCD] = y, [OEF ] = z, [ODE ] = u,
[OFA] = v and [OBC ] = w. We are given
that v2 = zx, w2 = xy and we have to
prove that u2 = yz.
Since\ AOB = \ DOE , we have

u
x

=

1
2

desin \ DOE

1
2

absin \ AOB
=

de
ab

:

Similarly, we obtain
v
y

=
fa
cd

;
w
z

=
bc
ef

:

Multiplying, these three equalities, we get uvw = xyz. Hence

x2y2z2 = u2v2w2 = u2(zx)(xy):

This gives u2 = yz, as desired.

2. Let P1(x) = ax2 � bx � c, P2(x) = bx2 � cx � a, P3(x) = cx2 � ax � b be three quadratic
polynomials wherea; b; care non-zero real numbers. Suppose there exists a real number
� such that P1(� ) = P2(� ) = P3(� ). Prove that a = b = c.

Solution: We have three relations:

a� 2 � b� � c = �;

b� 2 � c� � a = �;

c� 2 � a� � b = �;

where � is the common value. Eliminating � 2 from these, taking these equations pair-
wise,we get three relations:

(ca � b2)� � (bc� a2) = � (b� a); (ab� c2)� � (ca � b2) = � (c � b);

(bc� a2) � (ab� c2) = � (a � c):

Adding these three, we get

(ab+ bc+ ca � a2 � b2 � c2)( � � 1) = 0 :

(Alternatively, multiplying above relations respectivel y by b � c, c � a and a � b, and
adding also leads to this.) Thus eitherab+ bc+ ca � a2 � b2 � c2 = 0 or � = 1. In the
�rst case

0 = ab+ bc+ ca � a2 � b2 � c2 =
1
2

�
(a � b)2 + ( b� c)2 + ( c � a)2

�

1



shows that a = b = c. If � = 1, then we obtain

a � b� c = b� c � a = c � a � b;

and once again we obtaina = b = c.

3. Find the number of 4-digit numbers(in base 10) having non-zero digits and which are
divisible by 4 but not by 8.

Solution: We divide the even 4-digit numbers having non-zero digits into 4 classes:
those ending in 2,4,6,8.

(A) Suppose a 4-digit number ends in 2. Then the second right digit must be odd in
order to be divisible by 4. Thus the last 2 digits must be of the form 12, 32,52,72
or 92. If a number ends in 12, 52 or 92, then the previous digit must be even in
order not to be divisible by 8 and we have 4 admissible even digits. Now the left
most digit of such a 4-digit number can be any non-zero digit and there are 9 such
ways, and we get 9� 4 � 3 = 108 such numbers. If a number ends in 32 or 72,
then the previous digit must be odd in order not to be divisible by 8 and we have
5 admissible odd digits. Here again the left most digit of such a 4-digit number can
be any non-zero digit and there are 9 such ways, and we get 9� 5 � 2 = 90 such
numbers. Thus the number of 4-digit numbers having non-zerodigits, ending in 2,
divisible by 4 but not by 8 is 108 + 90 = 198.

(B) If the number ends in 4, then the previous digit must be even for divisibility by 4.
Thus the last two digits must be of the form 24, 44, 54, 84. If wetake numbers
ending with 24 and 64, then the previous digit must be odd for non-divisibility by
8 and the left most digit can be any non-zero digit. Here we get9� 5� 2 = 90 such
numbers. If the last two digits are of the form 44 and 84, then previous digit must
be even for non-divisibility by 8. And the left most digit can take 9 possible values.
We thus get 9 � 4 � 2 = 72 numbers. Thus the admissible numbers ending in 4 is
90 + 72 = 162.

(C) If a number ends with 6, then the last two digits must be of the form 16,36,56,76,96.
For numbers ending with 16, 56,76, the previous digit must beodd. For numbers
ending with 36, 76, the previous digit must be even. Thus we get here (9 � 5 � 3) +
(9 � 4 � 2) = 135 + 72 = 207 numbers.

(D) If a number ends with 8, then the last two digits must be of t he form 28,48,68,88. For
numbers ending with 28, 68, the previous digit must be even. For numbers ending
with 48, 88, the previous digit must be odd. Thus we get (9� 4� 2) + (9 � 5� 2) =
72 + 90 = 162 numbers.

Thus the number of 4-digit numbers, having non-zero digits,and divisible by 4 but not
by 8 is

198 + 162 + 207 + 162 = 729:

Alternative Solution: . If we take any four consecutive even numbers and divide them
by 8, we get remainders 0,2,4,6 in some order. Thus there is only one number of the
form 8k + 4 among them which is divisible by 4 but not by 8. Hence if we take four even
consecutive numbers

1000a + 100b+ 10c + 2 ; 1000a + 100b+ 10c + 4 ;

1000a + 100b+ 10c + 6 ; 1000a + 100b+ 10c + 8 ;

there is exactly one among these four which is divisible by 4 but not by 8. Now we
can divide the set of all 4-digit even numbers with non-zero digits into groups of 4 such

2



consecutive even numbers witha; b; c nonzero. And in each group, there is exactly one
number which is divisible by 4 but not by 8. The number of such groups is precisely
equal to 9� 9 � 9 = 729, since we can varya; b:c in the set f 1; 2; 3; 4; 5; 6; 7; 8; 9g.

4. Find three distinct positive integers with the least possible sum such that the sum of the
reciprocals of any two integers among them is an integral multiple of the reciprocal of
the third integer.

Solution: Let x; y; z be three distinct positive integers satisfying the given conditions.
We may assume thatx < y < z . Thus we have three relations:

1
y

+
1
z

=
a
x

;
1
z

+
1
x

=
b
y

;
1
x

+
1
y

=
c
z

;

for some positive integersa; b; c. Thus

1
x

+
1
y

+
1
z

=
a + 1

x
=

b+ 1
y

=
c + 1

z
= r;

say. Sincex < y < z , we observe thata < b < c . We also get

1
x

=
r

a + 1
;

1
y

=
r

b+ 1
;

1
z

=
r

c + 1
:

Adding these, we obtain

r =
1
x

+
1
y

+
1
z

=
r

a + 1
+

r
b+ 1

+
r

c + 1
;

or
1

a + 1
+

1
b+ 1

+
1

c + 1
= 1 : (1)

Using a < b < c , we get

1 =
1

a + 1
+

1
b+ 1

+
1

c + 1
<

3
a + 1

:

Thus a < 2. We conclude that a = 1. Putting this in the relation (1), we get

1
b+ 1

+
1

c + 1
= 1 �

1
2

=
1
2

:

Henceb < c gives
1
2

<
2

b+ 1
:

Thus b+ 1 < 4 or b < 3. Sinceb > a = 1, we must have b = 2. This gives

1
c + 1

=
1
2

�
1
3

=
1
6

;

or c = 5. Thus x : y : z = a + 1 : b+ 1 : c + 1 = 2 : 3 : 6. Thus the required numbers
with the least sum are 2,3,6.

Alternative Solution: We �rst observe that (1 ; a; b) is not a solution whenever 1<

a < b. Otherwise we should have
1
a

+
1
b

=
l
1

= l for some integer l . Hence we obtain

a + b
ab

= l showing that a
�
�b and b

�
�a. Thus a = b contradicting a 6= b. Thus the least

number should be 2. It is easy to verify that (2; 3; 4) and (2; 3; 5) are not solutions and
(2; 3; 6) satis�es all the conditions.(We may observe (2; 4; 5) is also not a solution.) Since
3 + 4 + 5 = 12 > 11 = 2 + 3 + 6, it follows that (2 ; 3; 6) has the required minimality.

3



5. Let ABC be a triangle in which \ A = 60 � . Let BE and CF be the bisectors of the
angles\ B and \ C with E on AC and F on AB . Let M be the reection of A in the
line EF . Prove that M lies on BC .

B M C

I

E
F

L

A Solution: Draw AL ? EF and extend
it to meet AB in M . We show that AL =
LM . First we show that A; F; I; E are con-
cyclic. We have

\ BIC = 90 � +
\ A
2

= 90 � + 30 � = 120� :

Hence \ F IE = \ BIC = 120� . Since
\ A = 60 � , it follows that A; F; I; E are
concyclic. Hence \ BEF = \ IEF =
\ IAF = \ A=2. This gives

\ AFE = \ ABE + \ BEF =
\ B
2

+
\ A
2

:

Since\ ALF = 90 � , we see that

\ FAM = 90 � � \ AFE = 90 � �
\ B
2

�
\ A
2

=
\ C
2

= \ FCM:

This implies that F; M; C; A are concyclic. It follows that

\ FMA = \ FCA =
\ C
2

= \ FAM:

HenceFMA is an isosceles triangle. ButFL ? AM . HenceL is the mid-point of AM
or AL = LM .

6. For each integern � 1, de�ne an =

"
n

� p
n

�

#

, where [x] denotes the largest integer not

exceedingx, for any real number x. Find the number of all n in the set f 1; 2; 3; : : : ; 2010g
for which an > a n+1 .

Solution: Let us examine the �rst few natural numbers: 1,2,3,4,5,6,7,8,9. Here we see
that an = 1 ; 2; 3; 2; 2; 3; 3; 4; 3. We observe that an � an+1 for all n except whenn + 1
is a square in which casean > a n+1 . We prove that this observation is valid in general.
Consider the range

m2; m2 + 1 ; m2 + 2 ; : : : ; m2 + m; m2 + m + 1 ; : : : ; m2 + 2m:

Let n take values in this range so thatn = m2 + r , where 0� r � 2m. Then we see that
[
p

n] = m and hence "
n

� p
n

�

#

=
�

m2 + r
m

�
= m +

h r
m

i
:

Thus an takes the valuesm; m; m; : : : ; m
| {z }

m times

; m + 1 ; m + 1 ; m + 1 ; : : : ; m + 1
| {z }

m times

; m + 2, in this

range. But when n = ( m + 1) 2, we see thatan = m + 1. This shows that an� 1 > a n

whenevern = ( m + 1) 2. When we take n in the set f 1; 2; 3; : : : ; 2010g, we see that the
only squares are 12; 22; : : : ; 442(since 442 = 1936 and 452 = 2025) and n = ( m + 1) 2 is
possible for only 43 values ofm. Thus an > a n+1 for 43 values ofn. (These are 22 � 1,
32 � 1, : : :, 442 � 1.)

|||-00|||-
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Model solutions of RMO 2012 (Mumbai region)

1. Let � be the common zero of the three given polynomials. Then

� 2 + a� + b = 0; (1)

� 2 + � + ab= 0; (2)

a� 2 + � + b = 0 : (3)

(1)-(2) yields
(a � 1)(� � b) = 0 : (4)

(3)-(2) yields
(a � 1)(� 2 � b) = 0 : (5)

From (4) we conclude that a = 1 or � = b and from (5) we see thata = 1 or � 2 = b. But
if a = 1 then the three polynomials are same asx2 + x + b, contradicting the fact that they
are di�erent. Therefore we must have � = b and � 2 = b. Thus � = � 2 i.e � = 0 or � = 1. If
� = 0 then b = 0 and this is not a feasible solution since we need to �ndb 6= 0. Hence � = 1,
which yields b = 1 and from (1), a = � 2.
Thus a = � 2, b = 1 and the polynomials are x2 � 2x + 1, x2 + x � 2 and � 2x2 + x + 1.

2. Observe that n2 + 3n + 51 = ( n � 5)(n + 8) + 91. If 13 jn2 + 3n + 51, then 13j(n � 5)(n + 8).
Therefore 13jn � 5 or 13jn + 8. Observe that

13jn � 5 , 13j(n + 8) � 13 , 13jn + 8;

Now, 21n2 + 89n + 44 = (7 n + 4)(3 n + 11) = f (3(n + 8) + 4( n � 5)gf 2(n + 8) + ( n � 5)g.
Writing n + 8 = 13 m1 and n � 5 = 13m2, where m1 and m2 are positive integers we get

21n2 + 89n + 44 = 169(3m1 + 4m2)(2m1 + m2).

Therefore 169 divides 21n2 + 89n + 44.

Comments:

There were di�erent solutions to this problem by the students. We present two such solutions.

First solution:

Observe that n2 + 3n + 51 � 0 � f (n � 5)2 + 26g(mod 13) ) n � 5(mod 13). Now
21n2 + 89n + 44 = (7 n + 4)(3 n + 11) � 0(mod169) because 7n + 4 � 39 � 0(mod13) and
3n + 11 � 26 � 0(mod13).

Second solution:

13jn2 + 3n + 51 ) 13j(n + 8)( n � 5) ) n � 5(mod13). Let nk = 13k + 5, k an integer, and
f (nk ) = 21n2

k + 89nk + 44. Then

f (nk+1 ) � f (nk ) = 169(44 + 42k) � 0(mod169)) f (nk ) � f (n0)(mod 169).

As f (n0) = 1014 � 0(mod169) we conclude thatf (nk ) � 0( mod169).



3. Writing x = [ x] + f xg in the given equation and simplifying we obtain 25f x g =
5:22[x ]

22[x ] � 11
.

As 0 � f xg < 1, 1 � 25f x g < 32 and hence the right hand side is positive. Therefore

22[x ] � 11 > 0, i.e [x] � 2. Also, 5 <
5:22[x ]

22[x ] � 11
� 16. Hence there is a solution for every real

x with [ x] � 2 of which only one is rational, namelyx = 14=5.

4. SinceAEB = 90 � and ED is perpendicular to AB , ED 2 = AD:DB . Now

[ABE ]2 = [ ABC ][ABH ] , ED 2 = HD:CD , AD:DB = HD:CD .

But triangles ADH and CDB are similar because6 DAH = 6 BCD , 6 ADH = 6 CDB .

A B

C

E

H

D

Therefore, AD=CD = HD=DB , i.e AD:DB = HD:CD . Thus [ABE ]2 = [ ABC ][ABH ].

5. We have
1
a

+
2
b

+
3
c

= 1 and 1 � a � b � c. Therefore 1=a � 1=b� 1=c and

1 =
1
a

+
2
b

+
3
c

�
1
a

+
2
a

+
3
a

=
6
a

) a � 6.

Sincea is a prime and 1� a � 6, the possible values ofa are 2, 3 and 5.

Case 1: a = 2.

a = 2 )
2
b

+
3
c

=
1
2

. Now
2
b

<
1
2

) b � 5 and 1=b � 1=c )
1
2

=
2
b

+
3
c

�
5
b

) b � 10.

Hence 5� b � 10. Substituting the possible values ofb in the equation
2
b

+
3
c

=
1
2

we obtain

(b; c) = (5 ; 30); (6; 18); (7; 14); (8; 12); (10; 10) as the admissible pairs. Therefore the solutions
in this case are (a; b; c) = (2 ; 5; 30); (2; 6; 18); (2; 7; 14); (2; 8; 12); (2; 10; 10).

Case 2: a = 3.

Emulating the method outlined in the analysis of Case 1 we �nd that 4 � b � 7 and the
solutions in this case are (a; b; c) = (3 ; 4; 18); (3; 6; 9).

Case 3: a = 5.

There is no solution in this case.
In summary, the solutions are (a; b; c) = (2 ; 5; 30); (2; 6; 18); (2; 7; 14); (2; 8; 12); (2; 10; 10); (3; 4; 18); (3; 6; 9).



6. WSUM = 70656. Partition the set of all subsets of S into two sets -T1- consisting of those
subsets which contain the element 1 and T2 those which do not contain 1. For every subset
S2 belonging to T2, there is a unique subset S1 belonging to T1 which isf 1g [ S2. Consider
any elementa � 2 of S. Let S2 be such that the elementa occupies an even numbered position
in it. It will occupy an odd numbered position in S1. The total contribution to WSUM by a
from both these subsets is 5a. The same is true ifa occpies an odd numbered position inS2.
Therefore, the total contribution of the element a to WSUM is 5a multiplied by the number
of subsets ofT2 that contain a. The number of these subsets is 28. The contribution of the
element 1 to WSUM is clearly 3� 29. Therefore the sum of all WSUMs is

T = 3 � 29 + 5 � 28 �
P 10

j =2 j = 276 � 28 = 70656.

Aliter: The total contribution of the element a � 2 over all subsets ist =
P a� 1

j =0

� a� 1
j

�
(2 +

� (j ))210� aa = 0 : Here � (j ) = 0 if j is odd and � (j ) = 1 if j is even.
� a� 1

j

�
is the number of

j-element subsets off 1; 2; :::; a � 1g and 210� a is the total number of subsets off a + 1 ; a +
2; :::; 10g. Simplifying, we get t = 2 :29a + 2 8a = 5 :28a.

7. O, E , and X are collinear. Join O with A, B and C. Triangles OCX and CEX are similar.

A
B

X

C

D

EO

Therefore XC=XO = XE=XC , i.e XC 2 = XO:XE . But XC 2 = XB:XA . Hence
XB:XA = XE:XO implying B; A; O; E are concyclic. Therefore6 OAB = 180� � 6 OEB =
40� . So, 6 AOB = 180� � 26 OAB = 100� .

8. Put x = 2a, y = 2b and z = 2c. The problem reduces to showing

1
(a � 1)(b� 1)(c � 1)

+
8

(a + 1)( b+ 1)( c + 1)
�

1
4

subject to 1=a+1=b+1=c= 1. Observe that a > 1; b > 1; c > 1 anda� 1 = a
�

1
b

+
1
c

�
�

2a
p

bc

(by A.M-G.M inequality). Similarly we get b� 1 �
2b

p
ca

and c� 1 �
2c

p
ab

. Multiplying these

and taking the reciprocal we obtain

1
(a � 1)(b� 1)(c � 1)

�
1
8

. . . . (I)

Next observe that
a + 1
a � 1

= 1 +
2

a � 1
�

2
p

2
p

a � 1
whencea + 1 � 2

p
2(a � 1). Similarly we

obtain b+ 1 � 2
p

2(b� 1) and c + 1 � 2
p

2(c � 1). Multiplying these yields

(a + 1)( b+ 1)( c + 1) � 16
p

2(a � 1)(b� 1)(c � 1) � 16
p

2:8 = 64.



Therefore

8
(a + 1)( b+ 1)( c + 1)

�
1
8

. . . . (II)

By adding (I) and (II) we get

1
(a � 1)(b� 1)(c � 1)

+
8

(a + 1)( b+ 1)( c + 1)
�

1
4

.

Comments:

We present another method which many students had adopted. By the A.M-G.M-H.M
inequality,

a + b+ c
3

� 3
p

abc�
3

1=a+ 1=b+ 1=c
= 3.

Thus a + b+ c � 9 and abc� 27. Using these two inequalities we obtain

(a � 1)(b� 1)(c � 1) = abc� (ab+ bc+ ca) + ( a + b+ c) � 1 � 8,
(a+1)( b+1)( c+1) = abc+( ab+ bc+ ca)+( a+ b+ c)+1 = 2 abc+( a+ b+ c)+1 � 2(27)+9+1 = 64.

From these two inequalities we get

1
(a � 1)(b� 1)(c � 1)

+
8

(a + 1)( b+ 1)( c + 1)
�

1
4

.



Mumbai region Regional Mathematical Olympiad 2013 December 1, 2013

1. Let ABC be an isosceles triangle withAB = AC and let � denote its circumcircle. A point
D is on arc AB of � not containing C. A point E is on arc AC of � not containing B . If
AD = CE prove that BE is parallel to AD .

2. Find all triples ( p; q; r) of primes such that pq = r + 1 and 2(p2 + q2) = r 2 + 1.

3. A �nite non-empty set of integers is called 3-good if the sum of its elements is divisible by 3.
Find the number of non-empty 3-good subsets off 0; 1; 2; : : : ; 9g.

4. In a triangle ABC , points D and E are on segmentsBC and AC such that BD = 3DC and
AE = 4EC. Point P is on line ED such that D is the midpoint of segment EP . Lines AP
and BC intersect at point S. Find the ratio BS=SD.

5. Let a1; b1; c1 be natural numbers. We de�ne

a2 = gcd(b1; c1) ; b2 = gcd(c1; a1) ; c2 = gcd(a1; b1) ;

and
a3 = lcm(b2; c2) ; b3 = lcm(c2; a2) ; c3 = lcm(a2; b2) :

Show that gcd(b3; c3) = a2.

6. Let P(x) = x3 + ax2 + b and Q(x) = x3 + bx + a, where a; b are non-zero real numbers.
Suppose that the roots of the equationP(x) = 0 are the reciprocals of the roots of the
equation Q(x) = 0. Prove that a and b are integers. Find the greatest common divisor of
P(2013! + 1) and Q(2013! + 1).

||||| � |||||



Mumbai region Regional Mathematical Olympiad 2013 December 1, 2013

1. Let ABC be an isosceles triangle withAB = AC and let � denote its circumcircle. A point
D is on the arcAB of � not containing C and a point E is on the arcAC of � not containing
B such that AD = CE. Prove that BE is parallel to AD .

Solution. We note that triangle AEC and triangle BDA are congruent. ThereforeAE =
BD and hence\ ABE = \ DAB . This proves that AD is parallel to BE .

2. Find all triples ( p; q; r) of primes such that pq = r + 1 and 2(p2 + q2) = r 2 + 1.

Solution. If p and q are both odd, then r = pq � 1 is even sor = 2. But in this case
pq � 3 � 3 = 9 and hence there are no solutions. This proves that eitherp = 2 or q = 2. If
p = 2 then we have 2q = r + 1 and 8 + 2 q2 = r 2 + 1. Multiplying the second equation by 2 we
get 2r 2 + 2 = 16 + (2 q)2 = 16 + ( r + 1) 2. Rearranging the terms, we haver 2 � 2r � 15 = 0,
or equivalently (r + 3)( r � 5) = 0. This proves that r = 5 and hence q = 3. Similarly,
if q = 2 then r = 5 and p = 3. Thus the only two solutions are (p; q; r) = (2 ; 3; 5) and
(p; q; r) = (3 ; 2; 5).

3. A �nite non-empty set S of integers is called 3-good if the the sum of the elements ofS is
divisble by 3. Find the number of 3-good non-empty subsets off 0; 1; 2; : : : ; 9g.

Solution. Let A be a 3-good subset off 0; 1; : : : ; 9g. Let A1 = A\f 0; 3; 6; 9g, A2 = A\f 1; 4; 7g
and A3 = A \ f 2; 5; 8g. Then there are three possibilities:

� j A2j = 3 ; jA3j = 0;

� j A2j = 0 ; jA3j = 3;

� j A2j = jA3j.

Note that there are 16 possibilities forA1. Therefore the �rst two cases correspond to a total of
32 subsets that are 3-good. The number of subsets in the last case is 16(12+3 2+3 2+1 2) = 320.
Note that this also includes the empty set. Therefore there are a total of 351 non-empty 3-
good subsets off 0; 1; 2; : : : ; 9g.

4. In a triangle ABC , points D and E are on segmentsBC and AC such that BD = 3DC and
AE = 4EC. Point P is on line ED such that D is the midpoint of segment EP . Lines AP
and BC intersect at point S. Find the ratio BS=SD.

Solution. Let F denote the midpoint of the segmentAE . Then it follows that DF is parallel
to AP . Therefore, in triangle ASC we haveCD=SD = CF=FA = 3=2. But DC = BD=3 =
(BS + SD)=3. Therefore BS=SD = 7=2.

5. Let a1; b1; c1 be natural numbers. We de�ne

a2 = gcd(b1; c1) ; b2 = gcd(c1; a1) ; c2 = gcd(a1; b1) ;

and
a3 = lcm(b2; c2) ; b3 = lcm(c2; a2) ; c3 = lcm(a2; b2) :

Show that gcd(b3; c3) = a2.

1
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Solution. For a prime p and a natural number n we shall denote byvp(n) the power of p
dividing n. Then it is enough to show that vp(a2) = vp(gcd(b3; c3)) for all primes p. Let p
be a prime and let � = vp(a1); � = vp(b1) and  = vp(c1). Because of symmetry, we may
assume that � � � �  . Therefore, vp(a2) = min f �;  g = � and similarly vp(b2) = vp(c2) =
� . Therefore vp(b3) = max f �; � g = � and similarly vp(c3) = max f �; � g = � . Therefore
vp(gcd(b3; c3)) = vp(a2) = � . This completes the solution.

6. Let a; b be real numbers and, letP(x) = x3 + ax2 + b and Q(x) = x3 + bx + a. Suppose that
the roots of the equation P(x) = 0 are the reciprocals of the roots of the equationQ(x) = 0.
Find the greatest common divisor ofP(2013! + 1) and Q(2013! + 1).

Solution. Note that P(0) 6= 0. Let R(x) = x3P(1=x) = bx3 + ax + 1. Then the equations
Q(x) = 0 and R(x) = 0 have the same roots. This implies that R(x) = bQ(x) and equating
the coe�cients we get a = b2 and ab = 1. This implies that b3 = 1, so a = b = 1. Thus
P(x) = x3 + x2 + 1 and Q(x) = x3 + x + 1. For any integer n we have

(P(n); Q(n)) = ( P(n); P(n) � Q(n)) = ( n3 + n2 +1 ; n2 � n) = ( n3 + n2 +1 ; n � 1) = (3 ; n � 1) :

Thus (P(n); Q(n)) = 3 if n � 1 is divisible by 3. In particular, since 3 divides 2013! it follows
that ( P(2013! + 1); Q(2013! + 1)) = 3.
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INMO-2000
Problems and Solutions

1. The in-circle of triangle ABC touches the sidesBC , CA and AB in K , L and M
respectively. The line through A and parallel to LK meets MK in P and the line
through A and parallel to MK meets LK in Q. Show that the line PQ bisects the
sidesAB and AC of triangle ABC .

Solution. : Let AP; AQ produced meetBC in D; E respectively.

B D K E C

L

M
P Q

A

Since MK is parallel to AE , we have \ AEK = \ MKB . Since BK = BM , both
being tangents to the circle fromB , \ MKB = \ BMK . This with the fact that MK
is parallel to AE gives us\ AEK = \ MAE . This shows that MAEK is an isosceles
trapezoid. We conclude that MA = KE . Similarly, we can prove that AL = DK .
But AM = AL . We get that DK = KE . Since KP is parallel to AE , we get
DP = PA and similarly EQ = QA. This implies that PQ is parallel to DE and
hence bisectsAB; AC when produced.

[The same argument holds even if one or both ofP and Q lie outside triangle ABC .]

2. Solve for integersx; y; z:

x + y = 1 � z; x3 + y3 = 1 � z2:

Sol. : Eliminating z from the given set of equations, we get

x3 + y3 + f 1 � (x + y)g2 = 1 :



This factors to
(x + y)(x2 � xy + y2 + x + y � 2) = 0 :

Case 1. Supposex + y = 0. Then z = 1 and (x; y; z) = ( m; � m; 1), where m is an
integer give one family of solutions.

Case 2. Supposex + y 6= 0. Then we must have

x2 � xy + y2 + x + y � 2 = 0:

This can be written in the form

(2x � y + 1) 2 + 3( y + 1) 2 = 12:

Here there are two possibilities:

2x � y + 1 = 0 ; y + 1 = � 2; 2x � y + 1 = � 3; y + 1 = � 1:

Analysing all these cases we get

(x; y; z) = (0 ; 1; 0); (� 2; � 3; 6); (1; 0; 0); (0; � 2; 3); (� 2; 0; 3); (� 3; � 2; 6):

3. If a; b; c; x are real numbers such thatabc6= 0 and

xb + (1 � x)c
a

=
xc + (1 � x)a

b
=

xa + (1 � x)b
c

;

then prove that either a + b+ c = 0 or a = b = c.

Sol. : Supposea + b+ c 6= 0 and let the common value be� . Then

� =
xb + (1 � x)c + xc + (1 � x)a + xa + (1 � x)b

a + b+ c
= 1 :

We get two equations:

� a + xb + (1 � x)c = 0 ; (1 � x)a � b+ xc = 0 :

(The other equation is a linear combination of these two.) Using these two equations,
we get the relations

a
1 � x + x2 =

b
x2 � x + 1

=
c

(1 � x)2 + x
:

Since 1� x + x2 6= 0, we get a = b = c.

2



4. In a convex quadrilateral PQRS, PQ = RS, (
p

3+1)QR = SP and \ RSP� \ SPQ =
30� . Prove that

\ PQR � \ QRS = 90 � :

Sol. : Let [Fig] denote the area of Fig. We have

[PQRS] = [ PQR] + [ RSP] = [ QRS] + [ SPQ]:

Let us write PQ = p; QR = q; RS = r; SP = s. The above relations reduce to

pqsin \ PQR + rs sin\ RSP = qr sin \ QRS + spsin\ SPQ:

Using p = r and (
p

3 + 1)q = s and dividing by pq, we get

sin \ PQR + (
p

3 + 1) sin \ RSP = sin \ QRS + (
p

3 + 1) sin \ SPQ:

Therefore, sin\ PQR � sin \ QRS = (
p

3 + 1)(sin \ SPQ � sin\ RSP).

P

Q R

S

Fig.   2.

This can be written in the form

2 sin
\ PQR � \ QRS

2
cos

\ PQR + \ QRS
2

= (
p

3 + 1)2 sin
\ SPQ � \ RSP

2
cos

\ SPQ + \ RSP
2

:

Using the relations

cos
\ PQR + \ QRS

2
= � cos

\ SPQ + \ RSP
2

and

sin
\ SPQ � \ RSP

2
= � sin 15� = �

(
p

3 � 1)

2
p

2
;

3



we obtain

sin
\ PQR � \ QRS

2
= (

p
3 + 1)[ �

(
p

3 � 1)

2
p

2
] =

1
p

2
:

This shows that
\ PQR � \ QRS

2
=

�
4

or
3�
4

:

Using the convexity of PQRS, we can rule out the latter alternative. We obtain

\ PQR � \ QRS =
�
2

:

5. Let a; b; c be three real numbers such that 1� a � b � c � 0. Prove that if � is a
root of the cubic equation x3 + ax2 + bx + c = 0 (real or complex),then j� j � 1.

Sol. : Since� is a root of the equation x3 + ax2 + bx + c = 0, we have

� 3 = � a� 2 � b� � c:

This implies that

� 4 = � a� 3 � b� 2 � c�

= (1 � a)� 3 + ( a � b)� 2 + ( b� c)� + c

where we have used again

� � 3 � a� 2 � b� � c = 0 :

Supposej� j � 1. Then we obtain

j� j4 � (1 � a)j� j3 + ( a � b)j� j2 + ( b� c)j� j + c

� (1 � a)j� j3 + ( a � b)j� j3 + ( b� c)j� j3 + cj� j3

� j � j3:

This shows that j� j � 1. Hence the only possibility in this case isj� j = 1. We conclude
that j� j � 1 is always true.

6. For any natural number n, (n � 3), let f (n) denote the number of non-congruent
integer-sided triangles with perimeter n (e.g., f (3) = 1 ; f (4) = 0 ; f (7) = 2). Show
that

(a) f (1999) > f (1996);

(b) f (2000) = f (1997):

Sol. :

(a) Let a; b; cbe the sides of a triangle witha+ b+ c = 1996, and each being a positive
integer. Then a+1 ; b+1 ; c+1 are also sides of a triangle with perimeter 1999 because

a < b + c =) a + 1 < (b+ 1) + ( c + 1) ;

4



and so on. Moreover (999; 999; 1) form the sides of a triangle with perimeter 1999,
which is not obtainable in the form (a+1 ; b+1 ; c+1) where a; b; care the integers and
the sides of a triangle with a + b+ c = 1996. We conclude that f (1999) > f (1996).

(b) As in the case (a) we conclude that f (2000) � f (1997). On the other hand, if
x; y; z are the integer sides of a triangle withx + y + z = 2000, and sayx � y � z � 1,
then we cannot havez = 1; for otherwise we would get x + y = 1999 forcing x; y to
have opposite parity so that x � y � 1 = z violating triangle inequality for x; y; z.
Hence x � y � z > 1. This implies that x � 1 � y � 1 � z � 1 > 0. We already
have x < y + z. If x � y + z � 1, then we see thaty + z � 1 � x < y + z, showing
that y + z � 1 = x. Hence we obtain 2000 =x + y + z = 2x + 1 which is impossible.
We conclude that x < y + z � 1. This shows that x � 1 < (y � 1) + ( z � 1) and
hencex � 1; y � 1; z � 1 are the sides of a triangle with perimeter 1997. This gives
f (2000) � f (1997). Thus we obtain the desired result.
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INMO-2001
Problems and Solutions

1. Let ABC be a triangle in which no angle is 90� . For any point P in the plane
of the triangle, let A1; B1; C1 denote the reections of P in the sides BC; CA; AB
respectively. Prove the following statements:

(a) If P is the incentre or an excentre ofABC , then P is the circumcentre ofA1B1C1;

(b) If P is the circumcentre of ABC , then P is the orthocentre of A1B1C1;

(c) If P is the orthocentre of ABC , then P is either the incentre or an excentre of
A1B1C1.

Solution:

(a)

C1

B1

A 1

B C

A

I

If P = I is the incentre of triangle ABC , and r its inradius, then it is clear that
A1I = B1I = C1I = 2 r . It follows that I is the circumcentre of A1B1C1. On the
otherhand if P = I 1 is the excentre ofABC opposite A and r1 the corresponding ex-
radius, then again we see thatA1I 1 = B1I 1 = C1I 1 = 2r1. Thus I 1 is the circumcentre
of A1B1C1.



A1

B1

C1

I1

B C

A

(b)
Let P = O be the circumcentre of ABC . By de�nition, it follows that OA1 bisects
and is bisected by BC and so on. Let D; E; F be the mid-points of BC; CA; AB
respectively. Then FE is parallel to BC . But E; F are also mid-points ofOB1; OC1

and henceFE is parallel to B1C1 as well. We conclude thatBC is parallel to B1C1.
Since OA1 is perpendicular to BC , it follows that OA1 is perpendicular to B1C1.
Similarly OB1 is perpendicular to C1A1 and OC1 is perpendicular to A1B1. These
imply that O is the orthocentre of A1B1C1. (This applies whether O is inside or
outside ABC .)

(c)
let P = H , the orthocentre of ABC . We consider two possibilities; H falls inside
ABC and H falls outside ABC .

SupposeH is inside ABC ; this happens if ABC is an acute triangle. It is known
that A1; B1; C1 lie on the circumcircle of ABC . Thus \ C1A1A = \ C1CA = 90 � � A.
Similarly \ B1A1A = \ B1BA = 90 � � A. These show that \ C1A1A = \ B1A1A.
Thus A1A is an internal bisector of \ C1A1B1. Similarly we can show that B1 bisects
\ A1B1C1 and C1C bisects\ B1C1A1. SinceA1A; B 1B; C1C concur at H , we conclude
that H is the incentre of A1B1C1.

OR If D; E; F are the feet of perpendiculars ofA; B; C to the sides BC; CA; AB
respectively, then we see thatEF; FD; DE are respectively parallel to B1C1, C1A1,
A1B1. This implies that \ C1A1H = \ FDH = \ ABE = 90 � � A, as BDHF is a
cyclic quadrilateral. Similarly, we can show that \ B1A1H = 90 � � A. It follows that
A1H is the internal bisector of \ C1A1B1. We can proceed as in the earlier case.

If H is outside ABC , the same proofs go through again, except that two ofA1H ,
B1H , C1H are external angle bisectors and one of these is an internal angle bisector.
Thus H becomes an excentre of triangleA1B1C1.
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2. Show that the equation

x2 + y2 + z2 = ( x � y)(y � z)(z � x)

has in�nitely many solutions in integers x; y; z.

Solution: We seek solutions (x; y; z) which are in arithmetic progression. Let us put
y � x = z � y = d > 0 so that the equation reduces to the form

3y2 + 2d2 = 2d3:

Thus we get 3y2 = 2( d � 1)d2. We conclude that 2(d � 1) is 3 times a square. This
is satis�ed if d � 1 = 6n2 for somen. Thus d = 6n2 + 1 and 3y2 = d2 � 2(6n2) giving
us y2 = 4d2n2. Thus we can take y = 2dn = 2n(6n2 + 1). From this we obtain
x = y � d = (2 n � 1)(6n2 + 1), z = y + d = (2 n + 1)(6 n2 + 1). It is easily veri�ed that

(x; y; z) = ((2 n � 1)(6n2 + 1) ; 2n(6n2 + 1) ; (2n + 1)(6 n2 + 1)) ;

is indeed a solution for a �xed n and this gives an in�nite set of solutions asn varies
over natural numbers.

3. If a; b; care positive real numbers such thatabc= 1, prove that

ab+ c bc+ a ca+ b � 1:

Solution: Note that the inequality is symmetric in a; b; cso that we may assume that
a � b � c. Sinceabc= 1, it follows that a � 1 and c � 1. Using b = 1=ac, we get

ab+ c bc+ a ca+ b =
ab+ cca+ b

ac+ acc+ a =
cb� c

aa� b � 1;

becausec � 1, b � c, a � 1 and a � b.

4. Given any nine integers show that it is possible to choose,from among them, four
integers a; b; c; dsuch that a + b� c � d is divisible by 20. Further show that such a
selection is not possible if we start with eight integers instead of nine.

Solution:

Suppose there are four numbersa; b; c; damong the given nine numbers which leave
the same remainder modulo 20. Thena + b � c + d (mod 20) and we are done.

If not, there are two possibilities:

(1) We may have two disjoint pairs f a; cg and f b; dg obtained from the given nine
numbers such thata � c (mod 20) andb � d (mod 20). In this case we geta+ b � c+ d
(mod 20).
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(2) Or else there are at most three numbers having the same remainder modulo 20 and
the remaining six numbers leave distinct remainders which are also di�erent from the
�rst remainder (i.e., the remainder of the three numbers). Thus there are at least 7
disinct remainders modulo 20 that can be obtained from the given set of nine numbers.
These 7 remainders give rise to

� 7
2

�
= 21 pairs of numbers. By pigeonhole principle,

there must be two pairs (r1; r2); (r3; r4) such that r1 + r2 � r3 + r4 (mod 20). Going
back we get four numbersa; b; c; dsuch that a + b � c + d (mod 20).

If we take the numbers 0; 0; 0; 1; 2; 4; 7; 12, we check that the result is not true for these
eight numbers.

5. Let ABC be a triangle andD be the mid-point of sideBC . Suppose\ DAB = \ BCA
and \ DAC = 15 � . Show that \ ADC is obtuse. Further, if O is the circumcentre of
ADC , prove that triangle AOD is equilateral.

Solution:

A

B C
D

E

F

O

a

a
15

Let � denote the equal angles\ BAD = \ DCA . Using sine rule in triangles DAB
and DAC , we get

AD
sinB

=
BD
sin �

;
CD

sin 15� =
AD
sin �

:

Eliminating � (using BD = DC and 2� + B + 15 � = � ), we obtain 1+ cos(B + 15 � ) =
2 sinB sin 15� . But we know that 2 sin B sin 15� = cos(B � 15� ) � cos(B +15 � ). Putting
� = B � 15� , we get a relation 1 + 2 cos(� + 30) = cos � . We write this in the form

(1 �
p

3) cos� + sin � = 1 :

Since sin� � 1, it follows that (1 �
p

3) cos� � 0. We conclude that cos� � 0 and
hence that � is obtuse. So is angleB and hence\ ADC .
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We have the relation (1 �
p

3) cos� + sin � = 1. If we set x = tan( �= 2), then we get,
using cos� = (1 � x2)=(1 + x2); sin � = 2x=(1 + x2),

(
p

3 � 2)x2 + 2x �
p

3 = 0:

Solving for x, we obtain x = 1 or x =
p

3(2 +
p

3). If x =
p

3(2 +
p

3), then
tan( �= 2) > 2 +

p
3 = tan 75 � giving us � > 150� . This forces that B > 165� and

henceB + A > 165� + 15 � = 180� , a contradiction. thus x = 1 giving us � = �= 2.
This gives B = 105� and hence� = 30 � . Thus \ DAO = 60 � . SinceOA = OD, the
result follows.

OR

Let ma denote the medianAD . Then we can compute

cos� =
c2 + m2

a � (a2=4)
2cma

; sin � =
2�
cma

;

where � denotes the area of triangle ABC . These two expressions give

cot � =
c2 + m2

a � (a2=4)
4�

:

Similarly, we obtain

cot \ CAD =
b2 + m2

a � (a2=4)
4�

:

Thus we get

cot � � cot 15� =
c2 � a2

4�
:

Similarly we can also obtain

cot B � cot � =
c2 � a2

4�
;

giving us the relation
cot B = 2 cot � � cot 15� :

If B is acute then 2 cot� > cot 15� = 2 +
p

3 > 2
p

3. It follows that cot � >
p

3. This
implies that � < 30� and hence

B = 180� � 2� � 15� > 105� :

This contradiction forces that angle B is obtuse and consequently\ ADC is obtuse.

Since\ BAD = � = \ ACD , the line AB is tangent to the circumcircle � of ADC at
A. HenceOA is perpendicular to AB . Draw DE and BF perpendicular to AC , and
join OD. Since \ DAC = 15 � , we see that \ DOC = 30 � and henceDE = OD=2.
But DE is parallel to BF and BD = DC shows that BF = 2DE . We conclude that

5



BF = DO. But DO = AO, both being radii of �. Thus BF = AO. Using right
triangles BFO and BAO , we infer that AB = OF . We conclude that ABFO is a
rectangle. In particular \ AOF = 90 � . It follows that

\ AOD = 90 � � \ DOC = 90 � � 30� = 60 � :

SinceOA = OD, we conclude that AOD is equilateral.

OR

Note that triangles ABD and CBA are similar. Thus we have the ratios

AB
BD

=
CB
BA

:

This reduces to a2 = 2c2 giving us a =
p

2c. This is equivalent to sin2(� + 15 � ) =
2 sin2 � . We write this in the form

cos 15� + cot � sin 15� =
p

2:

Solving for cot � , we get cot� =
p

3. We conclude that � = 30 � , and the result
follows.

6. Let R denote the set of all real numbers. Find all functionsf : R ! R satisfying the
condition

f (x + y) = f (x)f (y)f (xy)

for all x; y in R .

Solution: Putting x = 0 ; y = 0, we get f (0) = f (0)3 so that f (0) = 0 ; 1 or � 1. If
f (0) = 0, then taking y = 0 in the given equation, we obtain f (x) = f (x)f (0)2 = 0
for all x.

Supposef (0) = 1. Taking y = � x, we obtain

1 = f (0) = f (x � x) = f (x)f (� x)f (� x2):

This shows that f (x) 6= 0 for any x 2 R . Taking x = 1 ; y = x � 1, we obtain

f (x) = f (1)f (x � 1)2 = f (1) [f (x)f (� x)f (� x)]2 :

Using f (x) 6= 0, we conclude that 1 = kf (x)( f (� x))2, where k =
f (1)( f (� 1))2. Changing x to � x here, we also infer that 1 = kf (� x)( f (x))2. Com-
paring these expressions we see thatf (� x) = f (x). It follows that 1 = kf (x)3. Thus
f (x) is constant for all x. Sincef (0) = 1, we conclude that f (x) = 1 for all real x.

If f (0) = � 1, a similar analysis shows thatf (x) = � 1 for all x 2 R . We can verify
that each of these functions satis�es the given functional equation. Thus there are
three solutions, all of them being constant functions.
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INMO-2010 Problems and Solutions

1. Let ABC be a triangle with circum-circle �. Let M be a point in the interior of triangle
ABC which is also on the bisector of\ A. Let AM , BM , CM meet � in A1, B1, C1

respectively. SupposeP is the point of intersection of A1C1 with AB ; and Q is the point
of intersection of A1B1 with AC . Prove that PQ is parallel to BC .

Solution: Let A = 2 � . Then \ A1AC = \ BAA 1 = � . Thus

\ A1B1C = � = \ BB 1A1 = \ A1C1C = \ BC1A1:

We also have\ B1CQ = \ AA 1B1 = � , say. It follows that triangles MA 1B1 and QCB1

are similar and hence
QC

MA 1
=

B1C
B1A1

:

B C

a

bg

g b

a a
a

a
a

QMP

A

1

C1

B1

A

g

b

G

Similarly, triangles ACM and C1A1M are similar and we get

AC
AM

=
C1A1

C1M
:

Using the point P, we get similar ratios:

PB
MA 1

=
C1B
A1C1

;
AB
AM

=
A1B1

MB 1
:

Thus,
QC
PB

=
A1C1 � B1C
C1B � B1A1

;

and

AC
AB

=
MB 1 � C1A1

A1B1 � C1M

=
MB 1

C1M
C1A1

A1B1
=

MB 1

C1M
C1B � QC
PB � B1C

:

However, triangles C1BM and B1CM are similar, which gives

B1C
C1B

=
MB 1

MC 1
:



Putting this in the last expression, we get

AC
AB

=
QC
PB

:

We conclude that PQ is parallel to BC .

2. Find all natural numbers n > 1 such that n2 does not divide (n � 2)!.

Solution: Supposen = pqr, where p < q are primes andr > 1. Then p � 2, q � 3 and
r � 2, not necessarily a prime. Thus we have

n � 2 � n � p = pqr � p � 5p > p;

n � 2 � n � q = q(pr � 1) � 3q > q;

n � 2 � n � pr = pr(q � 1) � 2pr > pr;

n � 2 � n � qr = qr(p � 1) � qr:

Observe that p; q; pr; qr are all distinct. Hence their product divides (n � 2)!. Thus
n2 = p2q2r 2 divides (n � 2)! in this case. We conclude that eithern = pq where p; q are
distinct primes or n = pk for some primep.

Case 1. Supposen = pq for some primesp; q, where 2< p < q . Then p � 3 and q � 5.
In this case

n � 2 > n � p = p(q � 1) � 4p;

n � 2 > n � q = q(p � 1) � 2q:

Thus p; q;2p;2q are all distinct numbers in the set f 1; 2; 3; : : : ; n � 2g. We see that
n2 = p2q2 divides (n � 2)!. We conclude that n = 2q for some primeq � 3. Note that
n � 2 = 2q � 2 < 2q in this case so thatn2 does not divide (n � 2)!.

Case 2. Supposen = pk for some primep. We observe that p;2p;3p; : : : (pk� 1 � 1)p all
lie in the set f 1; 2; 3; : : : ; n � 2g. If pk� 1 � 1 � 2k, then there are at least 2k multiples of
p in the set f 1; 2; 3; : : : ; n � 2g. Hencen2 = p2k divides (n � 2)!. Thus pk� 1 � 1 < 2k.

If k � 5, then pk� 1 � 1 � 2k� 1 � 1 � 2k, which may be proved by an easy induction.
Hencek � 4. If k = 1, we get n = p, a prime. If k = 2, then p � 1 < 4 so that p = 2
or 3; we get n = 2 2 = 4 or n = 3 2 = 9. For k = 3, we have p2 � 1 < 6 giving p = 2;
n = 2 3 = 8 in this case. Finally, k = 4 gives p3 � 1 < 8. Again p = 2 and n = 2 4 = 16.
However n2 = 2 8 divides 14! and hence is not a solution.

Thus n = p;2p for some primep or n = 8 ; 9. It is easy to verify that these satisfy the
conditions of the problem.

3. Find all non-zero real numbersx; y; z which satisfy the system of equations:

(x2 + xy + y2)(y2 + yz + z2)(z2 + zx + x2) = xyz;

(x4 + x2y2 + y4)(y4 + y2z2 + z4)(z4 + z2x2 + x4) = x3y3z3:

Solution: Sincexyz 6= 0, We can divide the second relation by the �rst. Observe that

x4 + x2y2 + y4 = ( x2 + xy + y2)(x2 � xy + y2);

holds for any x; y. Thus we get

(x2 � xy + y2)(y2 � yz + z2)(z2 � zx + x2) = x2y2z2:



However, for any real numbersx; y, we have

x2 � xy + y2 � j xy j:

Sincex2y2z2 = jxyj jyzj jzxj, we get

jxyj jyzj jzxj = ( x2 � xy + y2)(y2 � yz + z2)(z2 � zx + x2) � j xy j jyzj jzxj:

This is possible only if

x2 � xy + y2 = jxyj; y2 � yz + z2 = jyzj; z2 � zx + x2 = jzxj;

hold simultaneously. Howeverjxyj = � xy. If x2 � xy + y2 = � xy, then x2 + y2 = 0 giving
x = y = 0. Since we are looking for nonzerox; y; z, we conclude that x2 � xy + y2 = xy
which is same asx = y. Using the other two relations, we also gety = z and z = x. The
�rst equation now gives 27x6 = x3. This gives x3 = 1=27(sincex 6= 0), or x = 1=3. We
thus have x = y = z = 1=3. These also satisfy the second relation, as may be veri�ed.

4. How many 6-tuples (a1; a2; a3; a4; a5; a6) are there such that each ofa1; a2; a3; a4; a5; a6

is from the set f 1; 2; 3; 4g and the six expressions

a2
j � aj aj +1 + a2

j +1

for j = 1 ; 2; 3; 4; 5; 6(where a7 is to be taken asa1) are all equal to one another?

Solution: Without loss of generality, we may assume that a1 is the largest among
a1; a2; a3; a4; a5; a6. Consider the relation

a2
1 � a1a2 + a2

2 = a2
2 � a2a3 + a2

3:

This leads to
(a1 � a3)(a1 + a3 � a2) = 0 :

Observe that a1 � a2 and a3 > 0 together imply that the second factor on the left side
is positive. Thus a1 = a3 = max f a1; a2; a3; a4; a5; a6g. Using this and the relation

a2
3 � a3a4 + a2

4 = a2
4 � a4a5 + a2

5;

we conclude that a3 = a5 as above. Thus we have

a1 = a3 = a5 = max f a1; a2; a3; a4; a5; a6g:

Let us consider the other relations. Using

a2
2 � a2a3 + a2

3 = a2
3 � a3a4 + a2

4;

we get a2 = a4 or a2 + a4 = a3 = a1. Similarly, two more relations give either a4 = a6

or a4 + a6 = a5 = a1; and either a6 = a2 or a6 + a2 = a1. Let us give values toa1 and
count the number of six-tuples in each case.

(A) Suppose a1 = 1. In this case all aj 's are equal and we get only one six-tuple
(1; 1; 1; 1; 1; 1).

(B) If a1 = 2, we have a3 = a5 = 2. We observe that a2 = a4 = a6 = 1 or a2 = a4 =
a6 = 2. We get two more six-tuples: (2; 1; 2; 1; 2; 1), (2; 2; 2; 2; 2; 2).

(C) Taking a1 = 3, we see that a3 = a5 = 3. In this case we get nine possibilities for
(a2; a4; a6);

(1; 1; 1); (2; 2; 2); (3; 3; 3); (1; 1; 2); (1; 2; 1); (2; 1; 1); (1; 2; 2); (2; 1; 2); (2; 2; 1):



(D) In the case a1 = 4, we have a3 = a5 = 4 and

(a2; a4; a6) = (2 ; 2; 2); (4; 4; 4); (1; 1; 1); (3; 3; 3);

(1; 1; 3); (1; 3; 1); (3; 1; 1); (1; 3; 3); (3; 1; 3); (3; 3; 1):

Thus we get 1 + 2 + 9 + 10 = 22 solutions. Since (a1; a3; a5) and (a2; a4; a6) may be
interchanged, we get 22 more six-tuples. However there are 4common among these,
namely, (1; 1; 1; 1; 1; 1), (2; 2; 2; 2; 2; 2), (3; 3; 3; 3; 3; 3) and (4; 4; 4; 4; 4; 4). Hence the total
number of six-tuples is 22 + 22� 4 = 40.

5. Let ABC be an acute-angled triangle with altitude AK . Let H be its ortho-centre andO
be its circum-centre. SupposeKOH is an acute-angled triangle andP its circum-centre.
Let Q be the reection of P in the line HO. Show that Q lies on the line joining the
mid-points of AB and AC .

Solution: Let D be the mid-point of BC ; M that of HK ; and T that of OH . Then
PM is perpendicular to HK and PT is perpendicular to OH . SinceQ is the reection
of P in HO, we observe thatP; T; Q are collinear, andPT = T Q. Let QL , T N and OS
be the perpendiculars drawn respectively fromQ, T and O on to the altitude AK .(See
the �gure.)

N
H

L

S
M

O

Q

P

K DB C

A

T

We haveLN = NM , sinceT is the mid-point of QP; HN = NS, sinceT is the mid-point
of OH ; and HM = MK , as P is the circum-centre of KHO . We obtain

LH + HN = LN = NM = NS + SM;

which gives LH = SM . We know that AH = 2OD. Thus

AL = AH � LH = 2OD � LH = 2SK � SM = SK + ( SK � SM ) = SK + MK

= SK + HM = SK + HS + SM = SK + HS + LH = SK + LS = LK:

This shows that L is the mid-point of AK and hence lies on the line joining the midpoints
of AB and AC . We observe that the line joining the mid-points of AB and AC is also
perpendicular to AK . SinceQL is perpendicular to AK , we conclude thatQ also lies on
the line joining the mid-points of AB and AC .



Remark: It may happen that H is aboveL as in the
adjoining �gure, but the result remains true here as
well. We have HN = NS, LN = NM , and HM =
MK as earlier. Thus HN = HL + LN and NS =
SM + NM give HL = SM . Now AL = AH + HL =
2OD + SM = 2SK + SM = SK + ( SK + SM ) =
SK + MK = SK + HM = SK + HL + LM = SK +
SM + LM = LK . The conclusion that Q lies on the
line joining the mid-points of AB and AC follows as
earlier.

K

A

D

M P
S

H
L

N

O

Q

T

6. De�ne a sequencehan i n� 0 by a0 = 0, a1 = 1 and

an = 2an� 1 + an� 2;

for n � 2.

(a) For every m > 0 and 0� j � m, prove that 2am divides am+ j + ( � 1)j am� j .

(b) Suppose 2k divides n for some natural numbersn and k. Prove that 2k divides an .

Solution:

(a) Consider f (j ) = am+ j + ( � 1)j am� j , 0 � j � m, where m is a natural number. We
observe that f (0) = 2 am is divisible by 2am . Similarly,

f (1) = am+1 � am� 1 = 2am

is also divisible by 2am . Assume that 2am divides f (j ) for all 0 � j < l , where
l � m. We prove that 2am divides f (l ). Observe

f (l � 1) = am+ l � 1 + ( � 1)l � 1am� l+1 ;

f (l � 2) = am+ l � 2 + ( � 1)l � 2am� l+2 :

Thus we have

am+ l = 2am+ l � 1 + am+ l � 2

= 2 f (l � 1) � 2(� 1)l � 1am� l+1 + f (l � 2) � (� 1)l � 2am� l+2

= 2 f (l � 1) + f (l � 2) + ( � 1)l � 1�
am� l+2 � 2am� l+1

�

= 2 f (l � 1) + f (l � 2) + ( � 1)l � 1am� l :

This gives
f (l ) = 2 f (l � 1) + f (l � 2):

By induction hypothesis 2am divides f (l � 1) and f (l � 2). Hence 2am divides f (l ).
We conclude that 2am divides f (j ) for 0 � j � m.

(b) We see that f (m) = a2m . Hence 2am divides a2m for all natural numbers m. Let
n = 2 k l for some l � 1. Taking m = 2 k� 1l , we see that 2am divides an . Using an
easy induction , we conclude that 2kal divides an . In particular 2 k divides an .



Problems and Solutions, INMO-2011

1. Let D , E , F be points on the sidesBC , CA, AB respectively of a triangle ABC such that
BD = CE = AF and \ BDF = \ CED = \ AF E . Prove that ABC is equilateral.

Solution 1:

q

ka

C

B x D Ca-x

x

E

q

kb

B
A

kcq
F

x

c-x

b-x

A
Let BD = CE = AF = x; \ BDF =
\ CED = \ AF E = � . Note that \ AF D =
B + � , and hence \ DF E = B . Similarly,
\ EDF = C and \ F ED = A. Thus the tri-
angle EF D is similar to ABC . We may take
F D = ka, DE = kb and EF = kc, for some
positive real constant k. Applying sine rule to
triangle BF D , we obtain

c � x
sin �

=
ka

sinB
=

2Rka
b

;

where R is the circum-radius of ABC . Thus
we get 2Rk sin � = b(c � x)=a. Similarly, we
obtain 2Rk sin � = c(a � x)=b and 2Rk sin � =
a(b� x)=c. We therefore get

b(c � x)
a

=
c(a � x)

b
=

a(b� x)
c

: (1)

If some two sides are equal, say,a = b, then a(c � x) = c(a � x) giving a = c; we get a = b = c
and ABC is equilateral. Suppose no two sides ofABC are equal. We may assumea is the
least. Since (1) is cyclic ina; b; c, we have to consider two cases:a < b < c and a < c < b .

Case 1. a < b < c .

In this case a < c and henceb(c � x) < a (b� x), from (1). Since b > a and c � x > b � x, we
get b(c � x) > a (b� x), which is a contradiction.

Case 2. a < c < b .

We may write (1) in the form

(c � x)
a=b

=
(a � x)

b=c
=

(b� x)
c=a

: (2)

Now a < c gives a � x < c � x so that
b
c

<
a
b

. This gives b2 < ac. But b > a and b > c, so

that b2 > ac, which again leads to a contradiction
Thus Case 1 and Case 2 cannot occur. We conclude thata = b = c.

Solution 2. We write (1) in the form (2), and start from there. The case of two equal sides
is dealt as in Solution 1. We assume no two sides are equal. Using ratio properties in (2), we
obtain

a � b
(ab� c2)=ca

=
b� c

(bc� a2)=ab
:

This may be written as c(a � b)(bc� a2) = b(b � c)(ab � c2). Further simpli�cation gives
ab3 + bc3 + ca3 = abc(a + b+ c). This may be further written in the form

ab2(b � c) + bc2(c � a) + ca2(a � b) = 0 : (3)

If a < b < c , we write (3) in the form

0 = ab2(b � c) + bc2(c � b+ b� a) + ca2(a � b) = b(c � b)(c2 � ab) + c(b� a)(bc� a2):

Since c > b, c2 > ab, b > a and bc > a2, this is impossible. If a < c < b , we write (3), as in
previous case, in the form

0 = a(b� c)(b2 � ca) + c(c � a)(bc� a2);

which again is impossible.

One can also use inequalities: we can show thatab3 + bc3 + ca3 � abc(a + b+ c), and equality
holds if and only if a = b = c. Here are some ways of deriving it:



(i) We can write the inequality in the form

b2

c
+

c2

a
+

a2

b
� a + b+ c:

Adding a + b+ c both sides, this takes the form

b2

c
+ c +

c2

a
+ a +

a2

b
+ b � 2(a + b+ c):

But AM-GM inequality gives

b2

c
+ c � 2b;

c2

a
+ a � 2a;

a2

b
+ b � 2a:

Hence the inequality follows and equality holds if and only if a = b = c.

(ii) Again we write the inequality in the form

b2

c
+

c2

a
+

a2

b
� a + b+ c:

We useb=cwith weight b, c=a with weight c and a=bwith weight a, and apply weighted
AM-HM inequality:

b�
b
c

+ c �
c
a

+ a �
a
b

�
(a + b+ c)2

b� c
b + c � a

c + a � b
a

;

which reduces toa + b+ c. Again equality holds if and only if a = b = c.

Solution 3. Here is a pure geometric solution given by a student. Consider the triangle
BDF , CED and AF E with BD , CE and AF as bases. The sidesDF , ED and F E make
equal angles� with the bases of respective triangles. IfB � C � A, then it is easy to
see that F D � DE � EF . Now using the triangle F DE , we see that B � C � A gives
DE � EF � F D . Combining, you get F D = DE = EF and henceA = B = C = 60 � .

2. Call a natural number n faithful , if there exist natural numbers a < b < c such that a divides
b, b divides c and n = a + b+ c.

(i) Show that all but a �nite number of natural numbers are fai thful.

(ii) Find the sum of all natural numbers which are not faithful.

Solution 1: Supposen 2 N is faithful. Let k 2 N and considerkn. Sincen = a + b+ c, with
a > b > c , c

�
�b and b

�
�a, we see thatkn = ka + kb+ kc which shows that kn is faithful.

Let p > 5 be a prime. Then p is odd and p = ( p � 3) + 2 + 1 shows that p is faithful. If
n 2 N contains a prime factor p > 5, then the above observation shows thatn is faithful. This
shows that a number which is not faithful must be of the form 2� 3� 5 . We also observe that
24 = 16 = 12 + 3 + 1, 3 2 = 9 = 6 + 2 + 1 and 5 2 = 25 = 22 + 2 + 1, so that 2 4, 32 and 52 are
faithful. Hence n 2 N is also faithful if it contains a factor of the form 2 � where� � 4; a factor
of the form 3� where � � 2; or a factor of the form 5 where  � 2. Thus the numbers which
are not faithful are of the form 2� 3� 5 , where � � 3, � � 1 and  � 1. We may enumerate all
such numbers:

1; 2; 3; 4; 5; 6; 8; 10; 12; 15; 20; 24; 30; 40; 60; 120:

Among these 120 = 112+7+1, 60 = 48+8+4, 40 = 36+3+1, 30 = 18+9+3 , 20 = 12+6+2,
15 = 12 + 2 + 1, and 10 = 6 + 3 + 1. It is easy to check that the other nu mbers cannot be
written in the required form. Hence the only numbers which are not faithful are

1; 2; 3; 4; 5; 6; 8; 12; 24:

Their sum is 65.

Solution 2: If n = a + b+ c with a < b < c is faithful, we see that a � 1, b � 2 and c � 4.
Hencen � 7. Thus 1; 2; 3; 4; 5; 6 are not faithful. As observed earlier,kn is faithful whenever
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n is. We also notice that for odd n � 7, we can writen = 1 + 2 + ( n � 3) so that all odd n � 7
are faithful. Consider 2n, 4n, 8n, where n � 7 is odd. By observation, they are all faithful.
Let us list a few of them:

2n : 14; 18; 22; 26; 30; 34; 38; 42; 46; 50; 54; 58; 62; : : :

4n : 28; 36; 44; 52; 60; 68; : : :

8n : 56; 72; : : : ;

We observe that 16 = 12 + 3 + 1 and hence it is faithful. Thus all multiples of 16 are also
faithful. Thus we see that 16, 32, 48, 64, . . . are faithful. Any even number which is not a
multiple of 16 must be either an odd multiple of 2, or that of 4, or that of 8. Hence, the only
numbers not covered by this process are 8, 10, 12, 20, 24, 40. Of these, we see that

10 = 1 + 3 + 6 ; 20 = 2 � 10; 40 = 4 � 10;

so that 10,20,40 are faithful. Thus the only numbers which are not faithful are

1; 2; 3; 4; 5; 6; 8; 12; 24:

Their sum is 65.

3. Consider two polynomials P(x) = an xn + an � 1xn � 1 + � � � + a1x + a0 and Q(x) = bn xn +
bn � 1xn � 1 + � � � + b1x + b0 with integer coe�cients such that an � bn is a prime, an � 1 = bn � 1

and an b0 � a0bn 6= 0. Suppose there exists a rational numberr such that P(r ) = Q(r ) = 0.
Prove that r is an integer.

Solution: Let r = u=v where gcd(u; v) = 1. Then we get

an un + an � 1un � 1v + � � � + a1uvn � 1 + a0vn = 0 ;

bn un + bn � 1un � 1v + � � � + b1uvn � 1 + b0vn = 0 :

Subtraction gives

(an � bn )un + ( an � 2 � bn � 2)un � 2v2 + � � � + ( a1 � b1)uvn � 1 + ( a0 � b0)vn = 0 ;

sincean � 1 = bn � 1. This shows that v divides (an � bn )un and hence it dividesan � bn . Since
an � bn is a prime, either v = 1 or v = an � bn . Suppose the latter holds. The relation takes
the form

un + ( an � 2 � bn � 2)un � 2v + � � � + ( a1 � b1)uvn � 2 + ( a0 � b0)vn � 1 = 0 :

(Here we have divided through-out by v.) If n > 1, this forcesv
�
�u, which is impossible since

gcd(v; u) = 1 ( v > 1 since it is equal to the primean � bn ). If n = 1, then we get two equations:

a1u + a0v = 0 ;

b1u + b0v = 0 :

This forcesa1b0 � a0b1 = 0 contradicting an b0 � a0bn 6= 0. (Note: The condition an b0 � a0bn 6= 0
is extraneous. The conditionan � 1 = bn � 1 forces that for n = 1, we have a0 = b0. Thus we
obtain, after subtraction

(a1 � b1)u = 0 :

This implies that u = 0 and hence r = 0 is an integer.)

4. Suppose �ve of the nine vertices of a regular nine-sided polygon are arbitrarily chosen. Show
that one can select four among these �ve such that they are thevertices of a trapezium.

Solution 1: Suppose four distinct pointsP, Q, R, S(in that order on the circle) among these
�ve are such that dP Q = cRS. Then P QRS is an isosceles trapezium, withP S k QR. We use
this in our argument.

� If four of the �ve points chosen are adjacent, then we are through as observed earlier. (In
this case four pointsA, B , C, D are such that dAB = dBC = dCD.) See Fig 1.
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� Suppose only three of the vertices are adjacent, sayA; B; C (see Fig 2.) Then the remaining
two must be amongE; F; G; H . If these two are adjacent vertices, we can pair them with
A; B or B; C to get equal arcs. If they are not adjacent, then they must be either E; G
or F; H or E; H . In the �rst two cases, we can pair them with A; C to get equal arcs. In
the last case, we observe thatdHA = dCE and AHEC is an isosceles trapezium.

� Suppose only two among the �ve are adjacent, sayA; B . Then the remaining three are
amongD; E; F; G; H . (See Fig 3.) If any two of these are adjacent, we can combine them
with A; B to get equal arcs. If no two among these three vertices are adjacent, then they
must be D; F; H . In this case dHA = dBD and AHDB is an isosceles trapezium.
Finally, if we choose 5 among the 9 vertices of a regular nine-sided polygon, then some
two must be adjacent. Thus any choice of 5 among 9 must fall in to one of the above
three possibilities.

Solution 2: Here is another solution used by many students. Suppose you join the vertices
of the nine-sided regular polygon. You get

� 9
2

�
= 36 line segments. All these fall in to 9 sets

of parallel lines. Now using any 5 points, you get
� 5

2

�
= 10 line segments. By pigeon-hole

principle, two of these must be parallel. But, these parallel lines determine a trapezium.

5. Let ABCD be a quadrilateral inscribed in a circle �. Let E , F , G, H be the midpoints of the
arcs AB , BC , CD, DA of the circle �. Suppose AC � BD = EG � F H . Prove that AC , BD ,
EG, F H are concurrent.

Solution:

A

H

D

C

F

BE

G
Let R be the radius of the circle �. Observe that

\ EDF =
1
2

\ D . Hence EF = 2 R sin
D
2

. Sim-

ilarly, HG = 2 R sin
B
2

. But \ B = 180� � \ D .

Thus HG = 2 R cos
D
2

. We hence get

EF �GH = 4 R2 sin
D
2

cos
D
2

= 2 R2 sinD = R�AC:

Similarly, we obtain EH � F G = R � BD .

Therefore
R(AC + BD ) = EF � GH + EH � F G = EG � F H;

by Ptolemy's theorem. By the given hypothesis, this givesR(AC + BD ) = AC � BD . Thus

AC � BD = R(AC + BD ) � 2R
p

AC � BD;

using AM-GM inequality. This implies that AC � BD � 4R2. But AC and BD are the
chords of �, so that AC � 2R and BD � 2R. We obtain AC � BD � 4R2. It follows that
AC � BD = 4 R2, implying that AC = BD = 2 R. Thus AC and BD are two diameters of �.
Using EG � F H = AC � BD , we conclude thatEG and F H are also two diameters of �. Hence
AC , BD , EG and F H all pass through the centre of �.
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6. Find all functions f : R ! R such that

f (x + y)f (x � y) =
�
f (x) + f (y)

� 2
� 4x2f (y); (1)

for all x; y 2 R , where R denotes the set of all real numbers.

Solution 1.: Put x = y = 0; we get f (0)2 = 4 f (0)2 and hencef (0) = 0.
Put x = y: we get 4f (x)2 � 4x2f (x) = 0 for all x. Hence for eachx, either f (x) = 0 or
f (x) = x2.
Supposef (x) 6� 0. Then we can �nd x0 6= 0 such that f (x0) 6= 0. Then f (x0) = x2

0 6= 0.
Assume that there exists somey0 6= 0 such that f (y0) = 0. Then

f (x0 + y0)f (x0 � y0) = f (x0)2:

Now f (x0 + y0)f (x0 � y0) = 0 or f (x0 + y0)f (x0 � y0) = ( x0 + y0)2(x0 � y0)2. If f (x0 +
y0)f (x0 � y0) = 0, then f (x0) = 0, a contradiction. Hence it must be the latter so that

(x2
0 � y2

0)2 = x4
0:

This reduces toy2
0

�
y2

0 � 2x2
0) = 0. Since y0 6= 0, we get y0 = �

p
2x0.

Supposey0 =
p

2x0. Put x =
p

2x0 and y = x0 in (1); we get

f
�
(
p

2 + 1)x0
�
f

�
(
p

2 � 1)x0
�

=
�
f (

p
2x0) + f (x0)

� 2
� 4

�
2x2

0

�
f (x0):

But f (
p

2x0) = f (y0) = 0. Thus we get

f
�
(
p

2 + 1)x0
�
f

�
(
p

2 � 1)x0
�

= f (x0)2 � 8x2
0f (x0)

= x4
0 � 8x4

0 = � 7x4
0:

Now if LHS is equal to 0, we getx0 = 0, a contradiction. Otherwise LHS is equal to (
p

2 +
1)2(

p
2� 1)2x4

0 which reduces tox4
0. We obtain x4

0 = � 7x4
0 and this forces againx0 = 0. Hence

there is no y 6= 0 such that f (y) = 0. We conclude that f (x) = x2 for all x.
Thus there are two solutions: f (x) = 0 for all x or f (x) = x2, for all x. It is easy to verify
that both these satisfy the functional equation.

Solution 2: As earlier, we getf (0) = 0. Putting x = 0, we will also get

f (y)
�
f (y) � f (� y)

�
= 0 :

As earlier, we may conclude that eitherf (y) = 0 or f (y) = f (� y) for each y 2 R. Replacing
y by � y, we may also conclude thatf (� y)

�
f (� y) � f (y)

�
= 0. If f (y) = 0 and f (� y) 6= 0 for

somey, then we must havef (� y) = f (y) = 0, a contradiction. Hence either f (y) = f (� y) = 0
or f (y) = f (� y) for each y. This forces f is an even function.

Taking y = 1 in (1), we get

f (x + 1) f (x � 1) = ( f (x) + f (1))2 � 4x2f (1):

Replacing y by x and x by 1, you also get

f (1 + x)f (1 � x) = ( f (1) + f (x))2 � 4f (x):

Comparing these two using the even nature off , we get f (x) = cx2, where c = f (1). Putting
x = y = 1 in (1), you get 4c2 � 4c = 0. Hence c = 0 or 1. We get f (x) = 0 for all x or
f (x) = x2 for all x.
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Problems and Solutions: INMO-2012

1. Let ABCD be a quadrilateral inscribed in a circle. Suppose AB =p
2 +

p
2 and AB subtends 135� at the centre of the circle. Find the

maximum possible area of ABCD .

Solution: Let O be the centre of the circle in which ABCD is inscribed
and let R be its radius. Using cosine rule in triangle AOB , we have

2 +
p

2 = 2R2(1 � cos 135� ) = R2(2 +
p

2):

Hence R = 1.

Consider quadrilateral ABCD as in the second �gure above. Join AC.
For [ADC ] to be maximum, it is clear that D should be the mid-point
of the arc AC so that its distance from the segment AC is maximum.
Hence AD = DC for [ABCD ] to be maximum. Similarly, we conclude
that BC = CD. Thus BC = CD = DA which �xes the quadrilateral
ABCD . Therefore each of the sides BC, CD, DA subtends equal angles
at the centre O.

Let \ BOC = � , \ COD = � and \ DOA =  . Observe that

[ABCD ] = [ AOB ]+[ BOC]+[ COD]+[ DOA] =
1
2

sin 135� +
1
2

(sin � +sin � +sin  ):

Now [ABCD ] has maximum area if and only if � = � =  = (360� �
135� )=3 = 75� . Thus

[ABCD ] =
1
2

sin 135� +
3
2

sin 75� =
1
2

 
1

p
2

+ 3

p
3 + 1

2
p

2

!

=
5 + 3

p
3

4
p

2
:

Alternatively, we can use Jensen's inequality. Observe tha t � , � ,  are
all less than 180� . Since sinx is concave on (0; � ), Jensen's inequality
gives

sin� + sin � + sin 
3

� sin
�

� + � + 
3

�
= sin 75� :

Hence

[ABCD ] �
1

2
p

2
+

3
2

sin 75� =
5 + 3

p
3

4
p

2
;

with equality if and only if � = � =  = 75� .



2. Let p1 < p 2 < p 3 < p 4 and q1 < q2 < q3 < q4 be two sets of prime numbers
such that p4 � p1 = 8 and q4 � q1 = 8. Suppose p1 > 5 and q1 > 5. Prove
that 30 divides p1 � q1.

Solution: Since p4 � p1 = 8, and no prime is even, we observe that
f p1; p2; p3; p4g is a subset of f p1; p1 + 2; p1 + 4; p1 + 6; p1 + 8g. Moreover p1 is
larger than 3. If p1 � 1 (mod 3), then p1 + 2 and p1 + 8 are divisible by 3.
Hence we do not get 4 primes in the set f p1; p1 + 2; p1 + 4; p1 + 6; p1 + 8g.
Thus p1 � 2 (mod 3) and p1 + 4 is not a prime. We get p2 = p1 + 2; p3 =
p1 + 6; p4 = p1 + 8.

Consider the remainders of p1; p1 + 2; p1 + 6; p1 + 8 when divided by 5. If
p1 � 2 (mod 5), then p1 + 8 is divisible by 5 and hence is not a prime. If
p1 � 3 (mod 5), then p1 + 2 is divisible by 5. If p1 � 4 (mod 5), then p1 + 6
is divisible by 5. Hence the only possibility is p1 � 1 (mod 5).

Thus we see that p1 � 1 (mod 2), p1 � 2 (mod 3) and p1 � 1 (mod 5). We
conclude that p1 � 11 (mod 30).

Similarly q1 � 11 (mod 30). It follows that 30 divides p1 � q1.

3. De�ne a sequence hf 0(x); f 1(x); f 2(x); : : :i of functions by

f 0(x) = 1 ; f 1(x) = x;
�
f n (x)

� 2
� 1 = f n+1 (x)f n� 1(x); for n � 1:

Prove that each f n (x) is a polynomial with integer coef�cients.

Solution: Observe that

f 2
n (x) � f n� 1(x)f n+1 (x) = 1 = f 2

n� 1(x) � f n� 2(x)f n (x):

This gives

f n (x)
�

f n (x) + f n� 2(x)
�

= f n� 1

�
f n� 1(x) + f n+1 (x)

�
:

We write this as

f n� 1(x) + f n+1 (x)
f n (x)

=
f n� 2(x) + f n (x)

f n� 1(x)
:

Using induction, we get

f n� 1(x) + f n+1 (x)
f n (x)

=
f 0(x) + f 2(x)

f 1(x)
:

Observe that

f 2(x) =
f 2

1 (x) � 1
f 0(x)

= x2 � 1:

Hence
f n� 1(x) + f n+1 (x)

f n (x)
=

1 + ( x2 � 1)
x

= x:

Thus we obtain
f n+1 (x) = xf n (x) � f n� 1(x):



Since f 0(x), f 1(x) and f 2(x) are polynomials with integer coef�cients,
induction again shows that f n (x) is a polynomial with integer coef�-
cients.

Note: We can get f n (x) explicitly:

f n (x) = xn �
�

n � 1
1

�
xn� 2 +

�
n � 2

2

�
xn� 4 �

�
n � 3

3

�
xn� 6 + � � �

4. Let ABC be a triangle. An interior point P of ABC is said to be good if
we can �nd exactly 27 rays emanating from P intersecting the sides of
the triangle ABC such that the triangle is divided by these rays into 27
smaller triangles of equal area . Determine the number of good points
for a given triangle ABC .

Solution: Let P be a good point. Let l; m; n be respetively the number
of parts the sides BC, CA, AB are divided by the rays starting from
P. Note that a ray must pass through each of the vertices the tri angle
ABC ; otherwise we get some quadrilaterals.

Let h1 be the distance of P from BC. Then h1 is the height for all the
triangles with their bases on BC. Equality of areas implies that all
these bases have equal length. If we denote this by x, we get lx = a.
Similarly, taking y and z as the lengths of the bases of triangles on CA
and AB respectively, we get my = b and nz = c. Let h2 and h3 be the
distances of P from CA and AB respectively. Then

h1x = h2y = h3z =
2�
27

;

where � denotes the area of the triangle ABC . These lead to

h1 =
2�
27

l
a

; h1 =
2�
27

m
b

; h1 =
2�
27

n
c

:

But
2�
a

= ha;
2�
b

= hb;
2�
c

= hc:

Thus we get
h1

ha
=

l
27

;
h2

hb
=

m
27

;
h3

hc
=

n
27

:

However, we also have

h1

ha
=

[P BC]
�

;
h2

hb
=

[P CA]
�

;
h3

hc
=

[P AB ]
�

:

Adding these three relations,

h1

ha
+

h2

hb
+

h3

hc
= 1:

Thus
l

27
+

m
27

+
n
27

=
h1

ha
+

h2

hb
+

h3

hc
= 1:



We conclude that l + m + n = 27. Thus every good point P determines
a partition (l; m; n) of 27 such that there are l, m, n equal segments
respectively on BC, CA, AB .

Conversely, take any partition (l; m; n) of 27. Divide BC, CA, AB re-
spectively in to l, m, n equal parts. De�ne

h1 =
2l�
27a

; h2 =
2m�
27b

:

Draw a line parallel to BC at a distance h1 from BC; draw another line
parallel to CA at a distance h2 from CA. Both lines are drawn such
that they intersect at a point P inside the triangle ABC . Then

[P BC] =
1
2

ah1 =
l�
27

; [P CA] =
m�
27

:

Hence
[P AB ] =

n�
27

:

This shows that the distance of P from AB is

h3 =
2n�
27c

:

Therefore each traingle with base on CA has area
�
27

. We conclude that

all the triangles which partitions ABC have equal areas. Hence P is a
good point.

Thus the number of good points is equal to the number of positive
integral solutions of the equation l + m + n = 27. This is equal to

�
26
2

�
= 325:

5. Let ABC be an acute-angled triangle, and let D, E, F be points on BC,
CA, AB respectively such that AD is the median, BE is the internal
angle bisector and CF is the altitude. Suppose \ F DE = \ C, \ DEF =
\ A and \ EF D = \ B . Prove that ABC is equilateral.

Solution: Since � BF C is
right-angled at F , we have
F D = BD = CD = a=2. Hence
\ BF D = \ B . Since \ EF D =
\ B , we have \ AF E = � � 2\ B .
Since \ DEF = \ A, we also get
\ CED = � � 2\ B . Applying sine
rule in � DEF , we have

DF
sinA

=
F E

sinC
=

DE
sinB

:



Thus we get F E = c=2 and DE = b=2. Sine rule in � CED gives

DE
sinC

=
CD

sin(� � 2B)
:

Thus (b=sinC) = ( a=2 sinB cosB). Solving for cosB, we have

cosB =
asinc

2bsinB
=

ac
2b2

:

Similarly, sine rule in � AEF gives

EF
sinA

=
AE

sin(� � 2B)
:

This gives (since AE = bc=(a + c)), as earlier,

cosB =
a

a + c
:

Comparing the two values of cosB, we get 2b2 = c(a + c). We also have

c2 + a2 � b2 = 2cacosB =
2a2c
a + c

:

Thus

4a2c = ( a + c)(2c2 + 2a2 � 2b2) = ( a + c)(2c2 + 2a2 � c(a + c)):

This reduces to 2a3 � 3a2c+ c3 = 0. Thus (a� c)2(2a+ c) = 0 . We conclude
that a = c. Finally

2b2 = c(a + c) = 2 c2:

We thus get b = c and hence a = c = b. This shows that � ABC is
equilateral.

6. Let f : Z ! Z be a function satisfying f (0) 6= 0, f (1) = 0 and

(i) f (xy) + f (x)f (y) = f (x) + f (y);

(ii)
�
f (x � y) � f (0)

�
f (x)f (y) = 0 ,

for all x; y 2 Z, simultaneously.

(a) Find the set of all possible values of the function f .

(b) If f (10) 6= 0 and f (2) = 0 , �nd the set of all integers n such that
f (n) 6= 0.

Solution: Setting y = 0 in the condition (ii), we get
�
f (x) � f (0)

�
f (x) = 0 ;

for all x (since f (0) 6= 0). Thus either f (x) = 0 or f (x) = f (0), for all x 2 Z.
Now taking x = y = 0 in (i), we see that f (0) + f (0)2 = 2f (0). This shows



that f (0) = 0 or f (0) = 1 . Since f (0) 6= 0, we must have f (0) = 1 . We
conclude that

either f (x) = 0 or f (x) = 1 for each x 2 Z.

This shows that the set of all possible value of f (x) is f 0; 1g. This
completes (a).

Let S =
�

n 2 Z
�
�f (n) 6= 0

	
. Hence we must have S =

�
n 2 Z

�
�f (n) = 1

	
by

(a). Since f (1) = 0 , 1 is not in S. And f (0) = 1 implies that 0 2 S. Take
any x 2 Z and y 2 S. Using (ii), we get

f (xy) + f (x) = f (x) + 1 :

This shows that xy 2 S. If x 2 Z and y 2 Z are such that xy 2 S, then
(ii) gives

1 + f (x)f (y) = f (x) + f (y):

Thus
�
f (x) � 1

��
f (y) � 1

�
= 0. It follows that f (x) = 1 or f (y) = 1 ; i.e.,

either x 2 S or y 2 S. We also observe from (ii) that x 2 S and y 2 S
implies that f (x � y) = 1 so that x � y 2 S. Thus S has the properties:

(A) x 2 Z and y 2 S implies xy 2 S;

(B) x; y 2 Z and xy 2 S implies x 2 S or y 2 S;

(C) x; y 2 S implies x � y 2 S.

Now we know that f (10) 6= 0 and f (2) = 0 . Hence f (10) = 1 and 10 2 S;
and 2 62S. Writing 10 = 2 � 5 and using (B), we conclude that 5 2 S and
f (5) = 1 . Hence f (5k) = 1 for all k 2 Z by (A).

Suppose f (5k + l) = 1 for some l, 1 � l � 4. Then 5k + l 2 S. Choose
u 2 Z such that lu � 1 (mod 5). We have (5k + l)u 2 S by (A). Moreover,
lu = 1 + 5 m for some m 2 Z and

(5k + l)u = 5ku + lu = 5ku + 5m + 1 = 5( ku + m) + 1 :

This shows that 5(ku + m)+1 2 S. However, we know that 5(ku + m) 2 S.
By (C), 1 2 S which is a contradiction. We conclude that 5k + l 62S for
any l, 1 � l � 4. Thus

S =
�

5k
�
�k 2 Z

	
:

———-00000———-



Problems and solutions: INMO 2013

Problem 1. Let � 1 and � 2 be two circles touching each other externally atR. Let l1 be a line
which is tangent to � 2 at P and passing through the centerO1 of � 1. Similarly, let l2 be a line
which is tangent to � 2 at Q and passing through the centerO2 of � 2. Supposel1 and l2 are not
parallel and interesct at K . If KP = KQ , prove that the triangle PQR is equilateral.

Solution. Suppose that P and Q lie on the opposite sides of line joiningO1 and O2. By sym-
metry we may assume that the con�guration is as shown in the �gure below. Then we have
KP > KO 1 > KQ since KO 1 is the hypotenuse of triangle KQO 1. This is a contradiction to
the given assumption, and thereforeP and Q lie on the same side of the line joiningO1 and O2.

b

b

b

b

O2

R b

P

Q

O1

b

K

Since KP = KQ it follows that K lies on the radical axis of the given circles, which is the
common tangent at R. Therefore KP = KQ = KR and henceK is the cirumcenter of 4 PQR.

1



b

O2

K
b

O1

Q

bb

b
P

b

R

On the other hand, 4 KQO 1 and 4 KRO 1 are both right-angled triangles with KQ = KR and
QO1 = RO1, and hence the two triangles are congruent. Therefore\QKO 1 = \RKO 1, so KO 1, and
hencePK is perpendicular to QR. Similarly, QK is perpendicular to PR, so it follows that K is
the orthocenter of 4 PQR. Hence we have that4 PQR is equilateral.

Alternate solution. We again rule out the possibility that P and Q are on the opposite side of
the line joining O1O2, and assume that they are on the same side.

Observe that 4 KPO 2 is congruent to 4 KQO 1 (since KP = KQ ). Therefore O1P = O2Q = r
(say). In 4 O1O2Q, we have \O1QO2 = �= 2 and R is the midpoint of the hypotenuse, soRQ =
RO1 = r . Therefore 4 O1RQ is equilateral, so \QRO1 = �= 3. Similarly, PR = r and \PRO2 = �= 3,
hence\PRQ = �= 3. SincePR = QR it follows that 4 PQR is equilateral.

Problem 2. Find all positive integers m, n, and primes p � 5 such that

m(4m2 + m + 12) = 3( pn � 1) :

Solution. Rewriting the given equation we have

4m3 + m2 + 12m + 3 = 3 pn :

The left hand side equals (4m + 1)( m2 + 3).
Suppose that (4m + 1 ; m2 + 3) = 1. Then (4 m + 1 ; m2 + 3) = (3 pn ; 1); (3; pn ); (pn ; 3) or (1; 3pn ),

a contradiction since 4m + 1 ; m2 + 3 � 4. Therefore (4m + 1 ; m2 + 3) > 1.
Since 4m + 1 is odd we have (4m + 1 ; m2 + 3) = (4 m + 1 ; 16m2 + 48) = (4 m + 1 ; 49) = 7 or 49.

This proves that p = 7, and 4m+1 = 3 �7k or 7k for some natural numberk. If (4m+1 ; 49) = 7 then
we havek = 1 and 4m +1 = 21 which does not lead to a solution. Therefore (4m +1 ; m2 +3) = 49.
If 73 divides 4m + 1 then it does not divide m2 + 3, so we get m2 + 3 � 3 � 72 < 73 � 4m + 1. This
implies (m � 2)2 < 2, som � 3, which does not lead to a solution. Therefore we have 4m + 1 = 49
which implies m = 12 and n = 4. Thus ( m; n; p) = (12 ; 4; 7) is the only solution.
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Problem 3. Let a; b; c; d be positive integers such thata � b � c � d. Prove that the equation
x4 � ax3 � bx2 � cx � d = 0 has no integer solution.

Solution. Suppose that m is an integer root of x4 � ax3 � bx2 � cx � d = 0. As d 6= 0, we have
m 6= 0. Suppose now that m > 0. Then m4 � am3 = bm2 + cm + d > 0 and hencem > a � d. On
the other hand d = m(m3 � am2 � bm � c) and hencem divides d, so m � d, a contradiction. If
m < 0, then writing n = � m > 0 we haven4 + an3 � bn2 + cn � d = n4 + n2(an � b) + ( cn � d) > 0,
a contradiction. This proves that the given polynomial has no integer roots.

Problem 4. Let n be a positive integer. Call a nonempty subsetS of f 1; 2; : : : ; ng good if the
arithmetic mean of the elements ofS is also an integer. Further let tn denote the number of good
subsets off 1; 2; : : : ; ng. Prove that tn and n are both odd or both even.

Solution. We show that Tn � n is even. Note that the subsetsf 1g; f 2g; � � � ; f ng are good. Among
the other good subsets, letA be the collection of subsets with an integer average which belongs to
the subset, and let B be the collection of subsets with an integer average which isnot a member
of the subset. Then there is a bijection betweenA and B , because removing the average takes a
member ofA to a member ofB ; and including the average in a member ofB takes it to its inverse.
So Tn � n = jAj + jB j is even.

Alternate solution. Let S = f 1; 2; : : : ; ng. For a subset A of S, let A = f n + 1 � aja 2 Ag.
We call a subsetA symmetric if A = A. Note that the arithmetic mean of a symmetric subset is
(n + 1) =2. Therefore, if n is even, then there are no symmetric good subsets, while ifn is odd then
every symmetric subset is good.

If A is a proper good subset ofS, then so is A. Therefore, all the good subsets that are not
symmetric can be paired. If n is even then this proves that tn is even. If n is odd, we have to
show that there are odd number of symmetric subsets. For this, we note that a symmetric subset
contains the element (n + 1) =2 if and only if it has odd number of elements. Therefore, for any
natural number k, the number of symmetric subsets of size 2k equals the number of symmetric
subsets of size 2k + 1. The result now follows since there is exactly one symmetric subset with only
one element.

Problem 5. In an acute triangle ABC , O is the circumcenter, H is the orthocenter andG is the
centroid. Let OD be perpendicular toBC and HE be perpendicular toCA, with D on BC and E
on CA. Let F be the midpoint of AB . Suppose the areas of trianglesODC , HEA and GFB are
equal. Find all the possible values ofbC.

Solution. Let R be the circumradius of 4 ABC and � its area. We have OD = R cosA and
DC = a

2 , so

[ODC ] =
1
2

� OD � DC =
1
2

� R cosA � R sinA =
1
2

R2 sinA cosA : (1)

Again HE = 2R cosC cosA and EA = ccosA. Hence

[HEA ] =
1
2

� HE � EA =
1
2

� 2R cosC cosA � ccosA = 2R2 sinC cosC cos2 A : (2)

Further

[GFB ] =
�
6

=
1
6

� 2R2 sinA sinB sinC =
1
3

R2 sinA sinB sinC : (3)

3



Equating (1) and (2) we get tanA = 4 sin C cosC. And equating (1) and (3), and using this relation
we get

3 cosA = 2 sin B sinC = 2 sin(C + A) sin C

= 2(sin C + cos C tan A) sin C cosA

= 2 sin2 C(1 + 4 cos2 C) cosA :

Since cosA 6= 0 we get 3 = 2t(� 4t + 5) where t = sin 2 C. This implies (4t � 3)(2t � 1) = 0 and
therefore, since sinC > 0, we get sinC =

p
3=2 or sinC = 1=

p
2. Because4 ABC is acute, it

follows that bC = �= 3 or �= 4.
We observe that the given conditions are satis�ed in an equilateral triangle, so bC = �= 3 is

a possibility. Also, the conditions are satis�ed in a triangle where bC = �= 4; bA = tan � 1 2 and
bB = tan � 1 3. Therefore bC = �= 4 is also a possibility.

Thus the two possible values ofbC are �= 3 and �= 4.

Problem 6. Let a; b; c; x; y; z be positive real numbers such thata+ b+ c = x + y+ z and abc= xyz.
Further, suppose thata � x < y < z � c and a < b < c . Prove that a = x; b = y and c = z.

Solution. Let
f (t) = ( t � x)( t � y)( t � z) � (t � a)( t � b)( t � c) :

Then f (t) = kt for some constantk. Note that ka = f (a) = ( a � x)(a � y)(a � z) � 0 and hence
k � 0. Similarly, kc = f (c) = ( c � x)(c � y)(c � z) � 0 and hencek � 0. Combining the two, it
follows that k = 0 and that f (a) = f (c) = 0. These equalities imply that a = x and c = z, and
then it also follows that b = y.
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1. In a triangle ABC , let D be a point on the segmentBC such that AB + BD = AC + CD. Suppose that the
points B; C and the centroids of trianglesABD and ACD lie on a circle. Prove that AB = AC .

Solution. Let G1; G2 denote the centroids of trianglesABD and ACD . Then G1; G2 lie on the line parallel to
BC that passes through the centriod of triangleABC . ThereforeBG1G2C is an isosceles trapezoid. Therefore it
follows that BG1 = CG2. This proves that AB 2 + BD 2 = AC 2 + CD 2. Hence it follows that AB �BD = AC �CD.
Therefore the setsf AB; BD g and f AC; CD g are the same (since they are both equal to the set of roots of the
same polynomial). Note that if AB = CD then AC = BD and then AB + AC = BC , a contradiction. Therefore
it follows that AB = AC .

2. Let n be a natural number. Prove that
hn

1

i
+

hn
2

i
+

hn
3

i
+ � � �

hn
n

i
+

� p
n

�

is even . (Here [x] denotes the largest integer smaller than or equal tox.)

Solution. Let f (n) denote the given equation. Thenf (1) = 2 which is even. Now suppose thatf (n) is even
for somen � 1. Then

f (n + 1) =
�

n + 1
1

�
+

�
n + 1

2

�
+

�
n + 1

3

�
+ � � �

�
n + 1
n + 1

�
+

� p
n + 1

�

=
hn

1

i
+

hn
2

i
+

hn
3

i
+ � � �

hn
n

i
+

� p
n + 1

�
+ � (n + 1) ;

where � (n + 1) denotes the number of positive divisors of n + 1. This follows from
�

n +1
k

�
=

�
n
k

�
+ 1 if k

divides n + 1, and
�

n +1
k

�
=

�
n
k

�
otherwise. Note that

� p
n + 1

�
= [

p
n] unlessn + 1 is a square, in which case� p

n + 1
�

= [
p

n] + 1. On the other hand � (n + 1) is odd if and only if n + 1 is a square. Therefore it follows
that f (n + 1) = f (n) + 2 l for some integerl . This proves that f (n + 1) is even.

Thus it follows by induction that f (n) is even for all natural number n.

3. Let a; b be natural numbers with ab > 2. Suppose that the sum of their greatest common divisor and least
common multiple is divisible by a+ b. Prove that the quotient is at most ( a+ b)=4. When is this quotient exactly
equal to (a + b)=4?

Solution. Let g and l denote the greatest common divisor and the least common multiple, respectively, ofa
and b. Then gl = ab. Therefore g + l � ab+ 1. Suppose that (g + l)=(a + b) > (a + b)=4. Then we have
ab+1 > (a+ b)2=4, so we get (a� b)2 < 4. Assuming,a � b we either havea = b or a = b+1. In the former case,
g = l = a and the quotient is (g + l)=(a + b) = 1 � (a + b)=4. In the latter case, g = 1 and l = b(b+ 1) so we get
that 2b+ 1 divides b2 + b+ 1. Therefore 2b+ 1 divides 4(b2 + b+ 1) � (2b+ 1) 2 = 3 which implies that b = 1 and
a = 2, a contradiction to the given assumption that ab > 2. This shows that (g + l)=(a + b) � (a + b)=4. Note
that for the equality to hold, we need that either a = b = 2 or, ( a � b)2 = 4 and g = 1 ; l = ab. The latter case
happens if and only if a and b are two consecutive odd numbers. (Ifa = 2k + 1 and b = 2k � 1 then a + b = 4k
divides ab+ 1 = 4 k2 and the quotient is precisely (a + b)=4.)



4. Written on a blackboard is the polynomial x2 + x + 2014. Calvin and Hobbes take turns alternatively (starting
with Calvin) in the following game. During his turn, Calvin should either increase or decrease the coe�cient of
x by 1. And during his turn, Hobbes should either increase or decrease the constant coe�cient by 1. Calvin wins
if at any point of time the polynomial on the blackboard at that instant has integer roots. Prove that Calvin
has a winning strategy.

Solution. For i � 0, let f i (x) denote the polynomial on the blackboard after Hobbes'i -th turn. We let Calvin
decrease the coe�cient of x by 1. Therefore f i +1 (2) = f i (2) � 1 or f i +1 (2) = f i (2) � 3 (depending on whether
Hobbes increases or decreases the constant term). So for somei , we have 0� f i (2) � 2. If f i (2) = 0 then Calvin
has won the game. Iff i (2) = 2 then Calvin wins the game by reducing the coe�cient of x by 1. If f i (2) = 1
then f i +1 (2) = 0 or f i +1 (2) = � 2. In the former case, Calvin has won the game and in the latter case Calvin
wins the game by increasing the coe�cient of x by 1.

5. In an acute-angled triangleABC , a point D lies on the segmentBC . Let O1; O2 denote the circumcentres of
triangles ABD and ACD , respectively. Prove that the line joining the circumcentre of triangle ABC and the
orthocentre of triangle O1O2D is parallel to BC .

Solution. Without loss of generality assume that \ ADC � 90� . Let O denote the circumcenter of triangle
ABC and K the orthocentre of triangle O1O2D. We shall �rst show that the points O and K lie on the
circumcircle of triangle AO1O2. Note that circumcircles of triangles ABD and ACD pass through the pointsA
and D, so AD is perpendicular to O1O2 and, triangle AO1O2 is congruent to triangle DO1O2. In particular,
\ AO1O2 = \ O2O1D = \ B since O2O1 is the perpendicular bisector ofAD . On the other hand sinceOO2 is
the perpendicular bisector ofAC it follows that \ AOO2 = \ B . This shows that O lies on the circumcircle of
triangle AO1O2. Note also that, since AD is perpendicular to O1O2, we have \ O2KA = 90 � � \ O1O2K =
\ O2O1D = \ B . This proves that K also lies on the circumcircle of triangleAO1O2.

Therefore \ AKO = 180� � \ AO2O = \ ADC and henceOK is parallel to BC .

Remark. The result is true even for an obtuse-angled triangle.

6. Let n be a natural number and X = f 1; 2; : : : ; ng. For subsetsA and B of X we de�ne A� B to be the set of all
those elements ofX which belong to exactly one ofA and B . Let F be a collection of subsets ofX such that
for any two distinct elements A and B in F the set A� B has at least two elements. Show thatF has at most
2n � 1 elements. Find all such collectionsF with 2n � 1 elements.

Solution. For each subsetA of f 1; 2; : : : ; n � 1g, we pair it with A [ f ng. Note that for any such pair (A; B ) not
both A and B can be in F . Since there are 2n � 1 such pairs it follows that F can have at most 2n � 1 elements.

We shall show by induction on n that if jF j = 2 n � 1 then F contains either all the subsets with odd number of
elements or all the subsets with even number of elements. The result is easy to see forn = 1. Suppose that
the result is true for n = m � 1. We now consider the casen = m. Let F1 be the set of those elements inF
which contain m and F2 be the set of those elements which do not containm. By induction, F2 can have at
most 2m � 2 elements. Further, for each elementA of F1 we considerA n f mg. This new collection also satis�es
the required property, so it follows that F1 has at most 2m � 2 elements. Thus, if jF j = 2 m � 1 then it follows
that jF 1j = jF 2j = 2 m � 2. Further, by induction hypothesis, F2 contains all those subsets off 1; 2; : : : ; m � 1g
with (say) even number of elements. It then follows that F1 contains all those subsets off 1; 2; : : : ; mg which
contain the element m and which contains an even number of elements. This proves thatF contains either all
the subsets with odd number of elements or all the subsets by even number of elements.

||| ? ? ? ? ?|||



Problems and Solutions: INMO-2015

1. Let ABC be a right-angled triangle with \ B = 90� . Let BD be the
altitude from B on to AC. Let P, Q and I be the incentres of triangles
ABD , CBD and ABC respectively. Show that the circumcentre of of
the triangle P IQ lies on the hypotenuse AC.

Solution: We begin with the following lemma:
Lemma: Let XY Z be a triangle with \ XY Z = 90 + � . Construct an
isosceles triangle XEZ , externally on the side XZ , with base angle
� . Then E is the circumcentre of 4 XY Z .

Proof of the Lemma: Draw ED ?
XZ . Then DE is the perpendicu-
lar bisector of XZ . We also observe
that \ XED = \ ZED = 90 � � . Ob-
serve that E is on the perpendicu-
lar bisector of XZ . Construct the
circumcircle of XY Z . Draw per-
pendicular bisector of XY and let
it meet DE in F . Then F is the
circumcentre of 4 XY Z . Join XF .
Then \ XFD = 90 � � . But we know
that \ XED = 90 � � . Hence E = F .
Let r1, r2 and r be the inradii of the triangles ABD , CBD and ABC
respectively. Join PD and DQ. Observe that \ PDQ = 90� . Hence

PQ2 = PD2 + DQ2 = 2r 2
1 + 2r 2

2:

Let s1 = ( AB + BD + DA )=2. Observe that BD = ca=band AD =
p

AB 2 � BD 2 =
q

c2 �
�

ca
b

� 2
= c2=b. This gives s1 = cs=b. But r1 =

s1 � c = ( c=b)(s � b) = cr=b. Similarly, r2 = ar=b. Hence

PQ2 = 2r 2

�
c2 + a2

b2

�
= 2r 2:

Consider 4 P IQ. Observe that
\ P IQ = 90+( B=2) = 135. Hence PQ
subtends 90� on the circumference
of the circumcircle of 4 P IQ. But
we have seen that \ PDQ = 90� .
Now construct a circle with PQ as
diameter. Let it cut AC again in K .
It follows that \ PKQ = 90� and the
points P; D; K; Q are concyclic. We
also notice \ KPQ = \ KDQ = 45�

and \ PQK = \ PDA = 45� .



Thus PKQ is an isosceles right-angled triangle with KP = KQ . Ther-
fore KP 2 + KQ 2 = PQ2 = 2r 2 and hence KP = KQ = r .

Now \ P IQ = 90 + 45 and \ PKQ = 2 � 45� = 90� with KP = KQ = r .
Hence K is the circumcentre of 4 P IQ.

(Incidentally, This also shows that KI = r and hence K is the point
of contact of the incircle of 4 ABC with AC.)

Solution 2: Here we use compu-
tation to prove that the point of
contact K of the incircle with AC
is the circumcentre of 4 P IQ. We
show that KP = KQ = r . Let r1

and r2 be the inradii of triangles
ABD and CBD respectively. Draw
PL ? AC and QM ? AC. If s1 is
the semiperimeter of 4 ABD , then
AL = s1 � BD .

But

s1 =
AB + BD + DA

2
; BD =

ca
b

; AD =
c2

b
Hence s1 = cs=b. This gives r1 = s1 � c = cr=b, AL = s1 � BD = c(s� a)=b.
Hence KL = AK � AL = ( s � a) � c(s� a)

b = (b� c)( s� a)
b . We observe that

2r 2 =
(c + a � b)2

2
=

c2 + a2 + b2 � 2bc� 2ab+ 2ca
2

= ( b2� ba� bc+ ac) = ( b� c)(b� a):

This gives

(s � a)(b� c) = ( s � b+ b� a)(b� c) = r (b� c) + ( b� a)(b� c)

= r (b� c) + 2 r 2 = r (b� c + c + a � b) = ra:

Thus KL = ra=b. Finally,

KP 2 = KL 2 + LP 2 =
r 2a2

b2
+

r 2 + c2

b2
= r 2:

Thus KP = r . Similarly, KQ = r . This gives KP = KI = KQ = r and
therefore K is the circumcentre of 4 KIQ .

(Incidentally, this also shows that KL = ca=b= r2 and KM = r1.)

2. For any natural number n > 1, write the in�nite decimal expansion
of 1=n (for example, we write 1=2 = 0:4�9 as its in�nite decimal expan-
sion, not 0:5). Determine the length of the non-periodic part of the
(in�nite) decimal expansion of 1=n.

Solution: For any prime p, let � p(n) be the maximum power of p
dividing n; ie p� p (n) divides n but not higher power. Let r be the



length of the non-periodic part of the in�nite decimal expansion of
1=n.
Write

1
n

= 0:a1a2 � � � ar b1b2 � � � bs:

We show that r = max( � 2(n); � 5(n)).
Let a and b be the numbers a1a2 � � � ar and b = b1b2 � � � bs respectively.
(Here a1 and b1 can be both 0.) Then

1
n

=
1

10r

 

a +
X

k� 1

b
(10s)k

!

=
1

10r

�
a +

b
10s � 1

�
:

Thus we get 10r (10s � 1) = n
�
(10s � 1)a + b

�
. It shows that r �

max(� 2(n); � 5(n)). Suppose r > max(� 2(n); � 5(n)). Then 10 divides b� a.
Hence the last digits of a and b are equal: ar = bs. This means

1
n

= 0:a1a2 � � � ar � 1bsb1b2 � � � bs� 1:

This contradicts the de�nition of r . Therefore r = max( � 2(n); � 5(n)).

3. Find all real functions f from R ! R satisfying the relation

f (x2 + yf (x)) = xf (x + y):

Solution: Put x = 0 and we get f
�
yf (0)

�
= 0. If f (0) 6= 0, then yf (0)

takes all real values when y varies over real line. We get f (x) � 0.
Suppose f (0) = 0 . Taking y = � x, we get f

�
x2 � xf (x)

�
= 0 for all real

x.
Suppose there exists x0 6= 0 in R such that f (x0) = 0 . Putting x = x0

in the given relation we get

f
�
x2

0

�
= x0f (x0 + y);

for all y 2 R. Now the left side is a constant and hence it follows
that f is a constant function. But the only constant function which
satis�es the equation is identically zero function, which is already
obtained. Hence we may consider the case where f (x) 6= 0 for all
x 6= 0.
Since f

�
x2 � xf (x)

�
= 0, we conclude that x2 � xf (x) = 0 for all x 6= 0.

This implies that f (x) = x for all x 6= 0. Since f (0) = 0 , we conclude
that f (x) = x for all x 2 R.
Thus we have two functions: f (x) � 0 and f (x) = x for all x 2 R.

4. There are four basket-ball players A; B; C; D . Initially, the ball is
with A. The ball is always passed from one person to a different
person. In how many ways can the ball come back to A after seven
passes? (For example A ! C ! B ! D ! A ! B ! C ! A and



A ! D ! A ! D ! C ! A ! B ! A are two ways in which the ball
can come back to A after seven passes.)

Solution: Let xn be the number of ways in which A can get back the
ball after n passes. Let yn be the number of ways in which the ball
goes back to a �xed person other than A after n passes. Then

xn = 3yn� 1;

and
yn = xn� 1 + 2yn� 1:

We also have x1 = 0, x2 = 3, y1 = 1 and y2 = 2.

Eliminating yn and yn� 1, we get xn+1 = 3xn� 1 + 2xn . Thus

x3 = 3x1 + 2x2 = 2 � 3 = 6;

x4 = 3x2 + 2x3 = (3 � 3) + (2 � 6) = 9 + 12 = 21;

x5 = 3x3 + 2x4 = (3 � 6) + (2 � 21) = 18 + 42 = 60;

x6 = 3x4 + 2x5 = (3 � 21) + (2 � 60) = 63 + 120 = 183;

x7 = 3x5 + 2x6 = (3 � 60) + (2 � 183) = 180 + 366 = 546:

Alternate solution: Since the ball goes back to one of the other 3
persons, we have

xn + 3yn = 3n ;

since there are 3n ways of passing the ball in n passes. Using xn =
3yn� 1, we obtain

xn� 1 + xn = 3n� 1;

with x1 = 0. Thus

x7 = 36 � x6 = 36 � 35 + x5 = 36 � 35 + 3 4 � x4 = 36 � 35 + 3 4 � 33 + x3

= 36 � 35 + 3 4 � 33 + 3 2 � x2 = 36 � 35 + 3 4 � 33 + 3 2 � 3

= (2 � 35) + (2 � 33) + (2 � 3) = 486 + 54 + 6 = 546:

5. Let ABCD be a convex quadrilateral. Let the diagonals AC and BD
intersect in P. Let PE, PF, PG and PH be the altitudes from P on
to the sides AB , BC, CD and DA respectively. Show that ABCD has
an incircle if and only if

1
PE

+
1

PG
=

1
PF

+
1

PH
:

Solution: Let AP = p, BP = q, CP = r , DP = s; AB = a, BC = b,
CD = c and DA = d. Let \ APB = \ CPD = � . Then \ BPC = \ DPA =
� � � . Let us also write PE = h1, PF = h2, PG = h3 and PH = h4.



Observe that

h1a = pqsin�; h 2b= qr sin�; h 3c = rs sin�; h 4d = spsin�:

Hence
1
h1

+
1
h3

=
1
h2

+
1
h4

:

is equivalent to
a
pq

+
c
rs

=
b
qr

+
d
sp

:

This is the same as
ars + cpq= bsp+ dqr:

Thus we have to prove that a+ c = b+ d if and only if ars+ cpq= bsp+ dqr.
Now we can write a + c = b+ d as

a2 + c2 + 2ac = b2 + d2 + 2bd:

But we know that

a2 = p2 + q2 � 2pqcos�; c 2 = r 2 + s2 � 2rs cos�

b2 = q2 + r 2 + 2qr cos�; d 2 = p2 + s2 + 2pscos�;

Hence a + c = b+ d is equivalent to

� pqcos� + � rs cos� + ac = pscos� + qr cos� + bd:

Similarly, by squaring ars + cpq = bsp+ dqr we can show that it is
equivalent to

� pqcos� + � rs cos� + ac = pscos� + qr cos� + bd:

We conclude that a + c = b+ d is equivalent to cpq+ ars = bps+ dqr.
Hence ABCD has an in circle if and only if

1
h1

+
1
h3

=
1
h2

+
1
h4

:



6. From a set of 11 square integers, show that one can choose 6 num-
bers a2; b2; c2; d2; e2; f 2 such that

a2 + b2 + c2 � d2 + e2 + f 2 (mod 12):

Solution: The �rst observation is that we can �nd 5 pairs of squares
such that the two numbers in a pair have the same parity. We can
see this as follows:

Odd numbers Even numbers Odd pairs Even pairs Total pairs
0 11 0 5 5
1 10 0 5 5
2 9 1 4 5
3 8 1 4 5
4 7 2 3 5
5 6 2 3 5
6 5 3 2 5
7 4 3 2 5
8 3 4 1 5
9 2 4 1 5

10 1 5 0 5
11 0 5 0 5

Let us take such 5 pairs: say (x2
1; y2

1); (x2
2; y2

2); : : : ; (x2
5; y2

5). Then x2
j � y2

j
is divisible by 4 for 1 � j � 5. Let r j be the remainder when x2

j � y2
j

is divisible by 3, 1 � j � 3. We have 5 remainders r1; r2; r3; r4; r5.
But these can be 0, 1 or 2. Hence either one of the remainders
occur 3 times or each of the remainders occur once. If, for example
r1 = r2 = r3, then 3 divides r1 + r2 + r3; if r1 = 0; r2 = 1 and r3 = 2, then
again 3 divides r1 + r2 + r3. Thus we can always �nd three remainders
whose sum is divisible by 3. This means we can �nd 3 pairs, say,
(x2

1; y2
1); (x2

2; y2
2); (x2

3; y2
3) such that 3 divides (x2

1 � y2
1)+( x2

2 � y2
2)+( x2

3 � y2
3).

Since each difference is divisible by 4, we conclude that we can �nd
6 numbers a2; b2; c2; d2; e2; f 2 such that

a2 + b2 + c2 � d2 + e2 + f 2 (mod 12):



31st Indian National Mathematical Olympiad-2016

Time: 4 hours January 17, 2016

Instructions:

� Calculators (in any form) and protractors are not allowed.

� Rulers and compasses are allowed.

� Answer all the questions. Maximum marks: 100.

� Answer to each question should start on a new page. Clearly indicate
the question number.

1. Let ABC be triangle in which AB = AC . Suppose the orthocentre of the
triangle lies on the incircle. Find the ratio AB=BC .

2. For positive real numbersa; b; c, which of the following statements
necessarily impliesa = b = c: (I) a(b3 + c3) = b(c3 + a3) = c(a3 + b3),
(II) a(a3 + b3) = b(b3 + c3) = c(c3 + a3) ? Justify your answer.

3. Let N denote the set of all natural numbers. De�ne a function T : N ! N by
T(2k) = k and T(2k + 1) = 2 k + 2. We write T2(n) = T(T(n)) and in general
T k (n) = T k � 1(T(n)) for any k > 1.

(i) Show that for each n 2 N, there exists k such that T k (n) = 1.

(ii) For k 2 N, let ck denote the number of elements in the setf n : T k (n) = 1 g.
Prove that ck+2 = ck+1 + ck , for k � 1.

4. Suppose 2016 points of the circumference of a circle are coloured red and the
remaining points are coloured blue. Given any natural numbern � 3, prove
that there is a regular n-sided polygon all of whose vertices are blue.

5. Let ABC be a right-angled triangle with \ B = 90 � . Let D be a point on AC
such that the inradii of the triangles ABD and CBD are equal. If this common
value is r 0 and if r is the inradius of triangle ABC , prove that

1
r 0 =

1
r

+
1

BD
:

6. Consider a nonconstant arithmetic progressiona1; a2; : : : ; an ; : : :. Suppose there
exist relatively prime positive integers p > 1 and q > 1 such that a2

1, a2
p+1 and

a2
q+1 are also the terms of the same arithmetic progression. Prove that the terms

of the arithmetic progression are all integers.
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INMO-2016 problems and solutions

1. Let ABC be triangle in which AB = AC . Suppose the orthocentre of the triangle lies on the
in-circle. Find the ratio AB=BC .
Solution: Since the triangle is isosceles, the or-
thocentre lies on the perpendicularAD from A on
to BC . Let it cut the in-circle at H . Now we are
given that H is the orthocentre of the triangle.
Let AB = AC = b and BC = 2a. Then BD = a.
Observe that b > a sinceb is the hypotenuse and
a is a leg of a right-angled triangle. LetBH meet
AC in E and CH meet AB in F . By Pythagoras
theorem applied to 4 BDH , we get

BH 2 = HD 2 + BD 2 = 4 r 2 + a2;

where r is the in-radius of ABC . We want to compute BH in another way. SinceA; F; H; E are

con-cyclic, we have
BH � BE = BF � BA:

But BF � BA = BD � BC = 2a2, sinceA; F; D; C are con-cyclic. HenceBH 2 = 4a4=BE 2. But

BE 2 = 4a2 � CE 2 = 4a2 � BF 2 = 4a2 �
�

2a2

b

� 2

=
4a2(b2 � a2)

b2 :

This leads to

BH 2 =
a2b2

b2 � a2 :

Thus we get
a2b2

b2 � a2 = a2 + 4 r 2:

This simpli�es to ( a4=(b2 � a2)) = 4 r 2. Now we relate a; b; r in another way using area. We know
that [ ABC ] = rs, where s is the semi-perimeter ofABC . We have s = ( b+ b+ 2a)=2 = b+ a. On
the other hand area can be calculated using Heron's formula::

[ABC ]2 = s(s � 2a)(s � b)(s � b) = ( b+ a)(b� a)a2 = a2(b2 � a2):

Hence

r 2 =
[ABC ]2

s2 =
a2(b2 � a2)

(b+ a)2 :

Using this we get
a4

b2 � a2 = 4
�

a2(b2 � a2)
(b+ a)2

�
:

Therefore a2 = 4( b� a)2, which gives a = 2( b� a) or 2b = 3a. Finally,

AB
BC

=
b

2a
=

3
4

:



Alternate Solution 1:

We use the known factsBH = 2R cosB and r = 4R sin(A=2) sin(B=2) sin(C=2), where R is the
circumradius of 4 ABC and r its in-radius. Therefore

HD = BH sin \ HBD = 2R cosB sin
� �

2
� C

�
= 2R cos2 B;

since\ C = \ B . But \ B = ( � � \ A)=2, sinceABC is isosceles. Thus we obtain

HD = 2R cos2
�

�
2

�
A
2

�
:

However HD is also the diameter of the in circle. ThereforeHD = 2r . Thus we get

2R cos2
�

�
2

�
A
2

�
= 2 r = 8R sin(A=2) sin2(( � � A)=4):

This reduces to
sin(A=2) = 2 (1 � sin(A=2)) :

Therefore sin(A=2) = 2=3. We also observe that sin(A=2) = BD=AB . Finally

AB
BC

=
AB

2BD
=

1
2 sin(A=2)

=
3
4

:

Alternate Solution 2:

Let D be the mid-point of BC . Extend AD to meet the circumcircle in L . Then we know that
HD = DL . But HD = 2r . Thus DL = 2 r . Therefore IL = ID + DL = r + 2 r = 3 r . We also know
that LB = LI . Therefore LB = 3 r . This gives

BL
LD

=
3r
2r

=
3
2

:

But 4 BLD is similar to 4 ABD . So

AB
BD

=
BL
LD

=
3
2

:

Finally,
AB
BC

=
AB

2BD
=

3
4

:

Alternate Solution 3:

Let D be the mid-point of BC and E be the mid-point of DC . SinceDI = IH (= r ) and DE = EC,
the mid-point theorem implies that IE k CH . But CH ? AB . Therefore EI ? AB . Let EI meet
AB in F . Then F is the point of tangency of the incircle of 4 ABC with AB . Since the incircle is
also tangent to BC at D , we haveBF = BD . Observe that 4 BFE is similar to 4 BDA . Hence

AB
BD

=
BE
BF

=
BE
BD

=
BD + DE

BD
= 1 +

DE
BD

=
3
2

:

This gives
AB
BC

=
3
4

:



2. For positive real numbersa; b; c, which of the following statements
necessarily impliesa = b = c: (I) a(b3 + c3) = b(c3 + a3) = c(a3 + b3),
(II) a(a3 + b3) = b(b3 + c3) = c(c3 + a3) ? Justify your answer.

Solution: We show that (I) need not imply that a = b = c where as (II) always impliesa = b = c.

Observe that a(b3 + c3) = b(c3 + a3) gives c3(a � b) = ab(a2 � b2). This gives either a = b or
ab(a + b) = c3. Similarly, b = c or bc(b+ c) = a3. If a 6= b and b 6= c, we obtain

ab(a + b) = c3; bc(b+ c) = a3:

Therefore
b(a2 � c2) + b2(a � c) = c3 � a3:

This gives (a � c)(a2 + b2 + c2 + ab+ bc+ ca) = 0. Since a; b; care positive, the only possibility is
a = c. We have therefore 4 possibilities:a = b = c; a 6= b, b 6= c and c = a; b 6= c, c 6= a and a = b;
c 6= a, a 6= b and b = c.

Supposea = b and b; a6= c. Then b(c3 + a3) = c(a3 + b3) gives ac3 + a4 = 2ca3. This implies that
a(a � c)(a2 � ac � c2) = 0. Therefore a2 � ac � c2 = 0. Putting a=c = x, we get the quadratic
equation x2 � x � 1 = 0. Hence x = (1 +

p
5)=2. Thus we get

a = b =

 
1 +

p
5

2

!

c; c arbitrary positive real number :

Similarly, we get other two cases:

b = c =

 
1 +

p
5

2

!

a; a arbitrary positive real number;

c = a =

 
1 +

p
5

2

!

b; barbitrary positive real number :

And a = b = c is the fourth possibility.

Consider (II): a(a3 + b3) = b(b3 + c3) = c(c3 + a3). Supposea; b; care mutually distinct. We may
assumea = max f a; b; cg. Hencea > b and a > c. Using a > b, we get from the �rst relation that
a3 + b3 < b3 + c3. Therefore a3 < c 3 forcing a < c. This contradicts a > c. We conclude that a; b; c
cannot be mutually distinct. This means some two must be equal. Ifa = b, the equality of the �rst
two expressions givea3 + b3 = b3 + c3 so that a = c. Similarly, we can show that b = c implies b = a
and c = a gives c = b.

Alternate for (II) by a contestant: We can write

a3

c
+

b3

c
=

c3

a
+ a2;

b3

a
+

c3

a
=

a3

b
+ b2;

c3

b
+

a3

b
=

b3

c
+ c2:

Adding, we get
a3

c
+

b3

a
+

c3

b
= a2 + b2 + c2:



Using C-S inequality, we have

(a2 + b2 + c2)2 =

 p
a3

p
c

�
p

ac+

p
b3

p
a

�
p

ba+

p
c3

p
b

�
p

cb

! 2

�
�

a3

c
+

b3

a
+

c3

b

�
�
ac+ ba+ cb

�

= ( a2 + b2 + c2)(ab+ bc+ ca):

Thus we obtain
a2 + b2 + c2 � ab+ bc+ ca:

However this implies (a � b)2 + ( b� c)2 + ( c � a)2 � 0 and hencea = b = c.

3. Let N denote the set of all natural numbers. De�ne a function T : N ! N by T(2k) = k and
T(2k + 1) = 2 k + 2. We write T2(n) = T(T(n)) and in general T k (n) = T k � 1(T(n)) for any k > 1.

(i) Show that for each n 2 N, there exists k such that T k (n) = 1.

(ii) For k 2 N, let ck denote the number of elements in the setf n : T k (n) = 1 g. Prove that
ck+2 = ck+1 + ck , for k � 1.

Solution:

(i) For n = 1, we have T(1) = 2 and T2(1) = T(2) = 1. Hence we may assume thatn > 1.

Supposen > 1 is even. ThenT(n) = n=2. We observe that (n=2) � n � 1 for n > 1.

Supposen > 1 is odd so that n � 3. Then T(n) = n + 1 and T2(n) = ( n + 1) =2. Again we see that
(n + 1) =2 � (n � 1) for n � 3.

Thus we see that in at most 2(n � 1) stepsT sendsn to 1. Hencek � 2(n � 1). (Here 2(n � 1) is
only a bound. In reality, less number of steps will do.)

(ii) We show that cn = f n +1 , where f n is the n-th Fibonacci number.

Let n 2 N and let k 2 N be such that T k (n) = 1. Here n can be odd or even. Ifn is even, it can
be either of the form 4d + 2 or of the form 4d.

If n is odd, then 1 = T k (n) = T k � 1(n + 1). (Observe that k > 1; otherwise we getn + 1 = 1 which
is impossible sincen 2 N.) Here n + 1 is even.

If n = 4d + 2, then again 1 = T k (4d + 2) = T k � 1(2d + 1). Here 2d + 1 = n=2 is odd.

Thus each solution ofT k � 1(m) = 1 produces exactly one solution ofT k (n) = 1 and n is either odd
or of the form 4d + 2.

If n = 4d, we see that 1 = T k (4d) = T k � 1(2d) = T k � 2(d). This shows that each solution of
T k � 2(m) = 1 produces exactly one solution ofT k (n) = 1 of the form 4d.

Thus the number of solutions ofT k (n) = 1 is equal to the number of solutions of T k � 1(m) = 1 and
the number of solutions ofT k � 2(l ) = 1 for k > 2. This shows that ck = ck � 1 + ck � 2 for k > 2. We
also observe that 2 is the only number which goes to 1 in one step and 4 is the only number which
goes to 1 in two steps. Hencec1 = 1 and c2 = 2. This proves that cn = f n +1 for all n 2 N.

4. Suppose 2016 points of the circumference of a circle are coloured red and the remaining points are
coloured blue. Given any natural number n � 3, prove that there is a regular n-sided polygon all
of whose vertices are blue.

Solution: Let A1; A2; : : : ; A2016 be 2016 points on the circle which are colouredred and the remain-



ing blue. Let n � 3 and let B1; B2; : : : ; Bn be a regularn-sided polygon inscribed in this circle with
the vertices chosen in anti-clock-wise direction. We placeB1 at A1. (It is possible, in this position,
some otherB 's also coincide with some otherA's.) Rotate the polygon in anti-clock-wise direction
gradually till some B 's coincide with (an equal number of) A's second time. We again rotate the
polygon in the same direction till someB 's coincide with an equal number ofA's third time, and
so on until we return to the original position, i.e., B1 at A1. We see that the number of rotations
will not be more than 2016� n, that is, at most these many times someB 's would have coincided
with an equal number of A's. Since the interval (0; 360� ) has in�nitely many points, we can �nd a
value �

�
2 (0; 360� ) through which the polygon can be rotated from its initial position such that

no B coincides with any A. This gives a n-sided regular polygon having only blue vertices.

Alternate Solution: Consider a regular 2017� n-gon on the circle; say,A1A2A3 � � � A2017n . For

each j , 1 � j � 2017, consider the pointsf Ak : k � j (mod 2017)g. These are the vertices of
a regular n-gon, saySj . We get 2017 regularn-gons; S1; S2; : : : ; S2017 . Since there are only 2016
red points, by pigeon-hole principle there must be somen-gon among these 2017 which does not
contain any red point. But then it is a blue n-gon.

5. Let ABC be a right-angled triangle with \ B = 90 � . Let D be a point on AC such that the in-radii
of the triangles ABD and CBD are equal. If this common value isr 0 and if r is the in-radius of
triangle ABC , prove that

1
r 0 =

1
r

+
1

BD
:

Solution: Let E and F be the incentres of tri-
anglesABD and CBD respectively. Let the in-
circles of trianglesABD and CBD touch AC in
P and Q respectively. If \ BDA = � , we see that

r 0 = PD tan( �=2) = QD cot(�=2):

Hence

PQ = PD + QD = r 0
�

cot
�
2

+ tan
�
2

�
=

2r 0

sin �
:

But we observe that

DP =
BD + DA � AB

2
; DQ =

BD + DC � BC
2

:

Thus PQ = ( b� c � a + 2BD )=2. We also have

ac
2

= [ ABC ] = [ ABD ] + [ CBD ] = r 0(AB + BD + DA )
2

+ r 0(CB + BD + DC )
2

= r 0(c + a + b+ 2BD )
2

= r 0(s + BD ):

But

r 0 =
PQ sin �

2
=

PQ � h
2BD

;

where h is the altitude from B on to AC . But we know that h = ac=b. Thus we get

ac = 2 � r 0(s + BD ) = 2 �
PQ � h
2 � BD

(s + BD ) =
(b� c � a + 2BD )ca(s + BD )

2 � BD � b
:



Thus we get
2 � BD � b = 2 �

�
BD � (s � b))( s + BD ):

This gives BD 2 = s(s � b). SinceABC is a right-angled triangle r = s � b. Thus we getBD 2 = rs.
On the other hand, we also have [ABC ] = r 0(s + BD ). Thus we get

rs = [ ABC ] = r 0(s + BD ):

Hence
1
r 0 =

1
r

+
BD
rs

=
1
r

+
1

BD
:

Alternate Solution 1: Observe that

r 0

r
=

AP
AX

=
CQ
CX

=
AP + CQ

AC
;

whereX is the point at which the incircle of ABC touches the sideAC . If s1 and s2 are respectively
the semi-perimeters of trianglesABD and CBD , we know AP = s1 � BD and CQ = s2 � BD .
Therefore

r 0

r
=

(s1 � BD ) + ( s2 � BD )
AC

=
s1 + s2 � 2BD

b
:

But

s1 + s2 =
AD + BD + c

2
+

CD + BD + a
2

=
(a + b+ c) + 2 BD

2
=

s + BD
2

:

This gives
r 0

r
=

s + BD � 2BD
b

=
s � BD

b
:

We also have

r 0 =
[ABD ]

s1
=

[CBD ]
s2

=
[ABD ] + [ CBD ]

s1 + s2
=

[ABC ]
s + BD

=
rs

s + BD
:

This implies that
r 0

r
=

s
s + BD

:

Comparing the two expressions forr 0=r, we see that

s � BD
b

=
s

s + BD
:

Therefore s2 � BD 2 = bs, or BD 2 = s(s � b). Thus we get BD =
p

s(s � b).

We know now that

r 0

r
=

s
s + BD

=
s � BD

b
=

BD
(s � b) + BD

=

p
s(s � b)

(s � b) +
p

s(s � b)
=

p
s

p
s � b+

p
s

:

Therefore
r
r 0 = 1 +

r
s � b

s
:

This gives
1
r 0 =

1
r

+

 r
s � b

s

!
1
r

:



But  r
s � b

s

!
1
r

=

 
s � b

p
s(s � b)

!
1
r

=
�

s � b
BD

�
1
r

:

If \ B = 90 � , we know that r = s � b. Therfore we get

1
r 0 =

1
r

+
�

s � b
BD

�
1
r

=
1
r

+
1

BD
:

Alternate Solution 2 by a contestant: Ob-
serve that \ EDF = 90 � . Hence4 EDP is similar
to 4 DFQ . Therefore DP � DQ = EP � FQ. Tak-
ing DP = y1 and DQ = x1, we get x1y1 = ( r 0)2.
We also observe thatBD = x1 + x2 = y1 + y2.
Since\ EBF = 45 � , we get

1 = tan 45 � = tan( � 1 + � 2) =
tan � 1 + tan � 2

1 � tan � 1 tan � 2
:

But tan � 1 = r 0=y2 and tan � 2 = r 0=x2. Hence we obtain

1 =
(r 0=y2) + ( r 0=x2)
1 � (r 0)2=x2y2

:

Solving for r 0, we get

r 0 =
x2y2 � x1y1

x2 + y2
:

We also know

r =
AB + BC � AC

2
=

x2 + y2 � (x1 + y1)
2

=
(x2 � x1) + ( y2 � y1)

2
:

Finally,

1
r

+
1

BD
=

2
(x2 � x1) + ( y2 � y1)

+
1

x1 + x2

=
2x1 + 2x2 + ( x2 � x1) + ( y2 � y1)
(x1 + x2)(( x2 � x1) + ( y2 � y1))

:

But we can write

2x1 + 2x2 + ( x2 � x1) + ( y2 � y1) = ( x1 + x2 + x2 � x1) + ( y1 + y2 + y2 � y1) = 2( x2 + y2);

and

(x1 + x2)(( x2 � x1) + ( y2 � y1)) = 2( x1 + x2)(x2 � y1)

= 2( x2(x2 + x1 � y1) � x1y1) = 2( x2y2 � x1y1):

Therefore
1
r

+
1

BD
=

2(x2 + y2)
2(x2y2 � x1y1)

=
1
r 0:

Remark: One can also chooseB = (0 ; 0), A = (0 ; a) and C = (1 ; 0) and the coordinate geometry

proof gets reduced considerbly.



6. Consider a non-constant arithmetic progressiona1; a2; : : : ; an ; : : :. Suppose there exist relatively
prime positive integersp > 1 and q > 1 such that a2

1, a2
p+1 and a2

q+1 are also the terms of the same
arithmetic progression. Prove that the terms of the arithmetic progression are all integers.

Solution: Let us take a1 = a. We have

a2 = a + kd; (a + pd)2 = a + ld; (a + qd)2 = a + md:

Thus we have

a + ld = ( a + pd)2 = a2 + 2pad+ p2d2 = a + kd + 2pad+ p2d2:

Since we have non-constant AP, we see thatd 6= 0. Hence we obtain 2pa + p2d = l � k. Similarly,
we get 2qa+ q2d = m � k. Observe that p2q � pq2 6= 0. Otherwise p = q and gcd(p; q) = p > 1
which is a contradiction to the given hypothesis that gcd(p; q) = 1. Hence we can solve the two
equations for a; d:

a =
p2(m � k) � q2(l � k)

2(p2q � pq2)
; d =

q(l � k) � p(m � k)
p2q � pq2 :

It follows that a; d are rational numbers. We also have

p2a2 = p2a + kp2d:

But p2d = l � k � 2pa. Thus we get

p2a2 = p2a + k(l � k � 2pa) = ( p � 2k)pa + k(l � k):

This shows that pa satis�es the equation

x2 � (p � 2k)x � k(l � k) = 0 :

Since a is rational, we see that pa is rational. Write pa = w=z, where w is an integer and z is a
natural numbers such that gcd(w; z) = 1. Substituting in the equation, we obtain

w2 � (p � 2k)wz � k(l � k)z2 = 0 :

This shows z divides w. Since gcd(w; z) = 1, it follows that z = 1 and pa = w an integer. (In
fact any rational solution of a monic polynomial with integer coe�cients is necessarily an integer.)
Similarly, we can prove that qa is an integer. Since gcd(p; q) = 1, there are integers u and v such
that pu + qv = 1. Therefore a = ( pa)u + ( qa)v. It follows that a is an integer.
But p2d = l � k� 2pa. Hencep2d is an integer. Similarly, q2d is also an integer. Since gcd(p2; q2) = 1,
it follows that d is an integer. Combining these two, we see that all the terms of the AP are integers.

Alternatively , we can prove that a and d are integers in another way. We have seen thata and d
are rationals; and we have three relations:

a2 = a + kd; p2d + 2pa = n1; q2d + 2qa = n2;

where n1 = l � k and n2 = m � k. Let a = u=v and d = x=y where u; x are integers andv; y are
natural numbers, and gcd(u; v) = 1, gcd(x; y) = 1. Putting this in these relations, we obtain

u2y = uvy + kxv2; (1)

2puy + p2vx = vyn1; (2)

2quy + q2vx = vyn2: (3)



Now (1) shows that vju2y. Since gcd(u; v) = 1, it follows that vjy. Similarly (2) shows that
yjp2vx. Using gcd(y; x) = 1, we get that yjp2v. Similarly, (3) shows that yjq2v. Therefore y divides
gcd(p2v; q2v) = v. The two results vjy and yjv imply v = y, since both v; y are positive.

Substitute this in (1) to get
u2 = uv + kxv:

This shows that vju2. Since gcd(u; v) = 1, it follows that v = 1. This gives v = y = 1. Finally
a = u and d = x which are integers.

|||-000000|||-



32nd Indian National Mathematical Olympiad-2017
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Instructions:

� Calculators (in any form) and protractors are not allowed.

� Rulers and compasses are allowed.

� All questions carry equal marks. Maximum marks: 102.

� Answer all the questions.

� Answer to each question should start on a new page. Clearly indicate
the question number.

1. In the given �gure, ABCD is a square sheet
of paper. It is folded along EF such that A
goes to a pointA0 di�erent from B and C, on
the sideBC and D goes toD 0. The line A0D 0

cuts CD in G. Show that the inradius of the
triangle GCA0 is the sum of the inradii of the
triangles GD 0F and A0BE .

2. Supposen � 0 is an integer and all the roots ofx3 + �x + 4 � (2 � 2016n ) = 0
are integers. Find all possible values of� .

3. Find the number of triples (x; a; b) where x is a real number anda; b belong to
the set f 1; 2; 3; 4; 5; 6; 7; 8; 9g such that

x2 � af xg + b = 0 ;

where f xg denotes the fractional part of the real number x. (For example
f 1:1g = 0 :1 = f� 0:9g.)

4. Let ABCDE be a convex pentagon in which\ A = \ B = \ C = \ D = 120�

and side lengths are �ve consecutive integersin some order. Find all possible
values ofAB + BC + CD.

5. Let ABC be a triangle with \ A = 90 � and AB < AC . Let AD be the altitude
from A on to BC . Let P; Q and I denote respectively the incentres of triangles
ABD , ACD and ABC . Prove that AI is perpendicular to P Q and AI = P Q.

6. Let n � 1 be an integer and consider the sum

x =
X

k � 0

�
n
2k

�
2n � 2k 3k =

�
n
0

�
2n +

�
n
2

�
2n � 2 � 3 +

�
n
4

�
2n � 4 � 32 + � � � :

Show that 2x � 1; 2x; 2x +1 form the sides of a triangle whose area and inradius
are also integers.

|||-000000|||-



32�•�!�1���—�!�š�•�"�™���š�!�ç���#�™���‚�h�Ž�• �j�g�›�2�j�”�™�!�Œ �� 2017 
� �˜�™:  �ð �ƒ�2�Š�!                                                                                                                                     �‡�“�•�š�#�� 15, 2017 

�Ó�“�‘�6�ž : 

�x �i�€� �" �—�" �•�š�¡ �€�/  �‚�Ž�€  (calculators) �•�•�! �…�!�2�‘�! (protractors) �€�/  �$�™�*�‚ �€�' �\�“ �Õ�˜�Ó�• �“�¡�#�2 �¡�0. 

�x �”�0�˜�!�“�!���
�á�ä�Û�Ô�á�â�����•�•�!���”�š�€�!�š���
�Ò�Þ�Ü�ß�Ð�â�â�Ô�â�����€�/ ���$�™�*�‚���€�'���\�“�Õ�˜�Ó�•���¡�0���� 

�x � �—�"���$�æ�“�I���€�/ ���\�2�€���f�€� �˜�!�“���¡�G�����\�l�’�€�•�˜���\�2�€�������������� 

�x � �—�"���$�æ�“�I���€�/ ���`�×�•�š���‘�#�Ô�‡�™�/���� 

�x �$�×�™�/�€���$�æ�“���€�!���`�×�•�š���“�f���”�/�‡��� �/���$�!�š�2�—���€�'�Ô�‡�™�/�����$�æ�“�����˜�!�2�€���è�”�ç�Š���þ�”��� �/���^�2�l�‚�•���€�'�Ô�‡�™�/�� 

 

1. �Ñ�‘�f���¡�Õ�f���l�…�����˜�E���#�$�%�&���f�€���•�‚�!�[�€�!�š���€�!�‚�‡���¡�0�����^� �/���'�(  �€�/ ���”�Ð�š�•�����^� ��

�$�€�!�š���˜�*�°�!���‡�!�•�!���¡�0���i�€���#,���Ò�–�2�‘�Õ���$ �•�•�!���%��� �/���g�—�Û�“���—�Õ�‡�! �$�% ���”�š���Ò�–�2�‘�Õ��

�#�ñ���”�š���]���‡�!�•�!���¡�0���•�•�!���&�� �Ò�–�2�‘�Õ �&�"���”�š���‡�!�•�!���¡�0�����š�/�•�!���#�"�&�" �����%�& �€�*���)  

�”�š���€�!�Š�•�"���¡�0�����Ñ�‘�•�!�_�™�/���i�€���Ò���—�Õ�‡���)�%�#�" �€�'���\�2�•���Ò���Ï�™�!���Ò���—�Õ�‡�I���)�&�"�(  

�•�•�!���#�"�$�' �€�'���\�2�•�����Ò���Ï�™�!�j�2���€�/ ���™�*�‚���€�/ ���–�š�!�–�š���¡�0�� 

2. �˜�!�“���›�#�Ô�‡�™�/���i�€���J R �r �f�€���”�×�Ž�!�M�€���¡�0���•�•�!���T�7 E�Ù�TE �v F�:�t H�t�r�s�x�á�; L �r �€�/ ��� �—�"���˜�×�›���” �×�Ž�!�M�€���¡�G����

�Ù �€�/ ��� �—�"��� �2�—�!�j�•�•���˜�!�“���£�!�•���€�'�Ô�‡�™�/�� 

3. �`�“��� �—�"���Ò���™�Õ�Ê�˜�I���:�T�á �=�á �>�; �€�'��� �2�É�™�!�f�2���£�!�•���€�'�Ô�‡�™�/���Ô�‡� �˜�E���i�€���T �f�€���•�!�è�•�j�•�€��� �2�É�™�!���¡�0���•�•�!���=�á �> 

� �˜ �Õ�Í�…�™���<�s�á�t�á�u�á�v�á�w�á�x�á�y�á�z�á�{�= � �/���^� ���$�€�!�š��� �2�–�2�l�’�•���¡�0���i�€�� 

�T�6 F �=�<�T�=E �> L �r 

�‡�¡�!�1���<�T�= �•�!�è�•�j�•�€��� �2�É�™�!���T �€�!���g�—�Û�“�!�×�˜�€���—�!�‚���¡�0�����
�`�‘�!�¡�š�Ž���€�/ ���g�›�f���<�s�ä�s�=L �r�ä�s L�<F�r�ä�{�=�ä �; 

4. �˜�!�“���›�#�Ô�‡�™�/���i�€���#�$�%�&�' �f�€���`�×�•�›���”�2�…�—�Õ�‡ (convex pentagon)���¡�0���Ô�‡� �˜�E���á�# L �á�$ L �á�% L �á�& L

�s�t�r�¹ �¡�0���•�•�!���—�Õ�‡�!�j�2���€�'���›�à�–�!�_���i�€� �"�����˜���˜�E���”�!�2�…�����˜�!�‚�•���” �×�Ž�!�M�€���
consecutive integer�����¡�G����

�#�$E�$�%E�%�& �€�/ ��� �—�"��� �2�—�•���˜�!�“���£�!�•���€�'�Ô�‡�™�/�� 

5. �˜�!�“���›�#�Ô�‡�™�/���i�€���#�$�% �f�€���Ò���—�Õ�‡���¡�0���Ô�‡� �˜�E���á�# L�{�r�¹ �•�•�!���#�$O�#�%�ä �˜�!�“���›�#�Ô�‡�™�/���i�€���#�&�����# � �/���$�% 

�”�š���ž�"�Ÿ�[�›�à�–���¡�0�����˜�!�“���›�#�Ô�‡�™�/���i�€���2�á �3 �•�•�!���+ ���˜�ž�����Ò���—�Õ�‡���#�$�&�á �#�%�&���•�•�!���#�$�% �€�/ ���\�2�•���€�E �!�I���€�*��

�Ó�“�ý�j�”�•���€�š�•�/���¡�G�����g� �¨���€�'�Ô�‡�™�/���i�€���#�+�����2�3 �€�/ ���›�à�–�•�•���¡�0���•�•�!���#�+L �2�3�ä 

6. �˜�!�“���›�#�Ô�‡�™�/���i�€���J R �s �f�€���”�×�Ž�!�M�€���¡�0�����Ó�“�à�“���™�*�‚���”�š���j�•�…�!�š���€�'�Ô�‡�™�/ 

�T L Í �@
�J
�t�G

�A
�Þ�¹�4

�t�á�?�6�Þ�u�Þ L �� �@
�J
�r

�A�� �t�á E ���� �@
�J
�t

�A�� �t�á�?�6�„ �u E���� �@
�J
�v

�A �t�á�?�8�„ �u�6 E �® ���ä�� 

�Ñ�‘�•�!�^�f���i�€���t�T F �s�á �t�T�á �t�T E �s���`� �� �Ò���—�Õ�‡���€�'���—�Õ�‡�!�j�2���€�*���–�“�!�•�/���¡�G���Ô�‡� �€�!���¢�/���•�›���•�•�!���\�2�•���Ò���Ï�™�!��

�—�"���f�€���”�×�Ž�!�M�€���¡�G�� 

------------ ������������ ----------- 



32nd Indian National Mathematical Olympiad-2017

Problems and Solutions

1. In the given �gure, ABCD is a square paper.
It is folded along EF such that A goes to a
point A0 6= C; B on the side BC and D goes
to D 0. The line A0D 0 cuts CD in G. Show
that the inradius of the triangle GCA0 is the
sum of the inradii of the triangles GD 0F and
A0BE .

Solution: Observe that the triangles GCA0 and A0BE are similar to the triangle GD 0F . If
GF = u, GD 0 = v and D 0F = w, then we have

A0G = pu; CG = pv; A0C = pw; A0E = qu; BE = qw; A0B = qv:

If r is the inradius of 4 GD 0F , then pr and qr are respectively the inradii of triangles GCA0

and A0BE . We have to show that pr = r + qr. We also observe that

AE = EA 0; DF = FD 0:

Therefore
pw + qv = qw+ qu = w + u + pv = v + pu:

The last two equalities give (p� 1)(u� v) = w. The �rst two equalities give ( p� q)w = q(u� v).
Hence

p � q
q

=
u � v

w
=

1
p � 1

:

This simpli�es to p(p� q� 1) = 0. Since p 6= 0, we get p = q+1. This implies that pr = qr+ r .

2. Supposen � 0 is an integer and all the roots ofx3 + �x + 4 � (2 � 2016n ) = 0 are integers.
Find all possible values of� .

Solution 1: Let u; v; w be the roots of x3 + �x + 4 � (2 � 2016n ) = 0. Then u + v + w = 0
and uvw = � 4 + (2 � 2016n ). Therefore we obtain

uv(u + v) = 4 � (2 � 2016n ):

Supposen � 1. Then we see thatuv(u + v) � 4 (mod 2016n ). Therefore uv(u + v) � 1
(mod 3) and uv(u + v) � 1 (mod 9). This implies that u � 2 (mod 3) and v � 2 (mod 3).
This shows that modulo 9 the pair (u; v) could be any one of the following:

(2; 2); (2; 5); (2; 8); (5; 2); (5; 5); (5; 8); (8; 2); (8; 5); (8; 8):

In each case it is easy to check thatuv(u + v) 6� 4 (mod 9). Hencen = 0 and uv(u + v) = 2.
It follows that ( u; v) = (1 ; 1), (1; � 2) or (� 2; 1). Thus

� = uv + vw + wu = uv � (u + v)2 = � 3

for every pair (u; v).



Solution 2: Let a; b; c2 Z be the roots of the given equation for somen 2 N0. By Vieta
Theorem, we know that

a + b+ c = 0

ab+ bc+ ca = �

abc= 2 � 2016n � 4

If possible, let us haven � 1. Since 7j2016, we have that

7jabc+ 4 = ) 7j3(abc+ 4) = ) 7j3abc+ 12 =) 7j3abc+ 5

Since we havea + b+ c = 0, we get that 3abc= a3 + b3 + c3. Substituting this in the earlier
expression, we get that

a3 + b3 + c3 + 5 � 0 (mod 7)

Consider below, a table calculating the residues of cubes modulo 7.

x 0 1 2 3 4 5 6
x3 0 1 1 � 1 1 � 1 � 1

Hence, we know that if x 2 N, then we havex3 � 0; 1; � 1 (mod 7). Sincea3 + b3 + c3 � 2
(mod 7), we see that we must have one of the numbers divisible by 7 and the other two
numbers, when cubed, must leave 1 as remainder modulo 7. Without of generality, let us
assume that

a � 0 (mod 7); b3; c3 � 1 (mod 7)

Hence, we haveb; c� 1; 2; 4 (mod 7). We will consider all possible values ofb+ c modulo 7.
Since the expression is symmetric inb; c, modulo 7, we will considerb � c.

b 1 1 1 2 2 4
c 1 2 4 2 4 4

b+ c 2 3 5 4 6 1

We see that, in all the above cases, we get 76 jb+ c. But this is a contradiction, since 7ja+ b+ c
and 7ja together imply that 7 jb+ c. Hence, we cannot haven � 1. Hence, the only possible
value is n = 0. Substituting this value in the original equation, the equation becomes

x3 + �x + 2 = 0

Solving the equationsa + b+ c = 0 and abc= � 2 in integers, we see that the only possible
solutions (a; b; c) are permutations of (1; 1; � 2). In case of any permutation, � = � 3. Substi-
tuting this value of � back in the equation, we see that we indeed, get integer roots. Hence,
the only possible value for� is � 3.

3. Find the number of triples (x; a; b) where x is a real number and a; b belong to the set
f 1; 2; 3; 4; 5; 6; 7; 8; 9g such that

x2 � af xg + b = 0 ;

where f xg denotes the fractional part of the real number x. (For example f 1:1g = 0 :1 =
f� 0:9g.)



Solution: Let us write x = n + f where n = [ x] and f = f xg. Then

f 2 + (2 n � a)f + n2 + b = 0 : (1)

Observe that the product of the roots of (1) is n2 + b � 1. If this equation has to have a
solution 0 � f < 1, the larger root of (1) is greater 1. We conclude that the equation (1) has
a real root less than 1 only ifP(1) < 0 whereP(y) = y2 + (2 n � a)y + n2 + 2b. This gives

1 + 2n � a + n2 + 2b < 0:

Therefore we have (n + 1) 2 + b < a. If n � 2, then (n + 1) 2 + b � 10 > a . Hencen � 1. If
n � � 4, then again (n + 1) 2 + b � 10 > a . Thus we have the range forn: � 3; � 2; � 1; 0; 1.
If n = � 3 or n = 1, we have (n + 1) 2 = 4. Thus we must have 4 + b < a. If a = 9, we
must have b = 4 ; 3; 2; 1 giving 4 values. Fora = 8, we must have b = 3 ; 2; 1 giving 3 values.
Similarly, for a = 7 we get 2 values ofb and a = 6 leads to 1 value ofb. In each case we get a
real value of f < 1 and this leads to a solution forx. Thus we get totally 2(4+3+2+1) = 20
values of the triple (x; a; b).
For n = � 2 and n = 0, we have (n + 1) 2 = 1. Hence we require 1 +b < a. We again count
pairs (a; b) such that a � b > 1. For a = 9, we get 7 values ofb; for a = 8 we get 6 values of
b and so on. Thus we get 2(7 + 6 + 5 + 4 + 3 + 2 + 1) = 56 values for the triple ( x; a; b).
Supposen = � 1 so that (n + 1) 2 = 0. In this case we requireb < a. We get 8 + 7 + 6 + 5 +
4 + 3 + 2 + 1 = 36 values for the triple ( x; a; b).
Thus the total number of triples ( x; a; b) is 20 + 56 + 36 = 112.

4. Let ABCDE be a convex pentagon in which\ A = \ B = \ C = \ D = 120� and whose side
lengths are 5 consecutive integers in some order. Find all possible values ofAB + BC + CD.

Solution 1: Let AB = a, BC = b, and CD = c. By symmetry, we may assume thatc < a.
We show that DE = a + b and EA = b+ c.

Draw a line parallel to BC through D. Extend EA to meet this line at F . Draw a line
parallel to CD through B and let it intersect DF in G. Let AB intersect DF in H . We have
\ FDE = 60 � and \ E = 60 � . HenceEFD is an equilateral triangle. Similarly AFH and
BGH are also equilateral triangles. HenceHG = GB = c. Moreover, DG = b. Therefore
HD = b + c. But HD = AE since FH = FA and FD = FE . Also AH = a � BH =
a � BG = a � c. HenceED = EF = EA + AF = b+ c + AH = ( b+ c) + ( a � c) = b+ a.

We have �ve possibilities:
(1) b < c < a < b + c < a + b;



(2) c < b < a < b + c < a + b;
(3) c < a < b < b + c < a + b;
(4) b < c < b + c < a < a + b;
(5) c < b < b + c < a < a + b.

In (1), we see that c < a < b + c are three consecutive integers providedb = 2. Hence we
get c = 3 and a = 4. In this case b+ c = 5 and a + b = 6 so that we have �ve consecutive
integrs 2; 3; 4; 5; 6 as side lengths. In (2),b < a < b + c form three consecutive integrs only
when c = 2. Hence b = 3, a = 4. But then b+ c = 5 and a + b = 7. Thus the side lengths
are 2; 3; 4; 6; 7 which are not consecutive integers. In case (3),b < b + c are two consecutive
integrs so that c = 1. Hence a = 2 and b = 3. We get b+ c = 4 and a + b = 5 so that the
consecutive integers 1; 2; 3; 4; 5 form the side lengths. In case (4), we havec < b + c as two
consecutive integers and henceb = 1. Therefore c = 2, b+ c = 3, a = 4 and a + b = 5 which
is admissible. Finally, in case (5) we haveb < b+ c as two consecutive integers, so thatc = 1.
Thus b = 2, b+ c = 3, a = 4 and a + b = 6. We do not get consecutive integers.

Therefore the only possibilities are (a; b; c) = (4 ; 2; 3), (2; 3; 1) and (4; 1; 2). This shows that
a + b+ c = 9, 6 or 7. Thus there are three possible sumsAB + BC + CA, namely, 6, 7 or 9.

Solution 2: As in the earlier solution, ED = d = a + b and EA = e = b+ c. Let the sides
be x � 2; x � 1; x; x + 1 ; x + 2. Then x � 3. We also havex + 2 � x � 1 + x � 2 so that x � 5.
Thus x = 3 ; 4 or 5. If x = 5, the sides are f 3; 4; 5; 6; 7g and here we do not have two pairs
which add to a number in the set. Hencex = 3 or 4 and we get the sets asf 1; 2; 3; 4; 5g or
f 2; 3; 4; 5; 6g. With the set f 1; 2; 3; 4; 5g we get

(a; b; c; d; e) = (2 ; 3; 1; 5; 4); (4; 1; 2; 5; 3):

From the set f 2; 3; 4; 5; 6g, we get (a; b; c; d; e) = (4 ; 2; 3; 6; 5). Thus we see thata+ b+ c = 6 ; 7
or 9.

Solution 3: We use the same notations and we getd = a + b and e = b+ c. If a � 5, we see
that d � b � 5. But the maximum di�erence in a set of 5 consecutive integers is 4. Hence
a � 4. Similarly, we seeb � 4 and c � 4. Thus we see thata + b + c � 2 + 3 + 4 = 9.
But a + b + c � 1 + 2 + 3 = 6. It follows that a + b + c = 6 ; 7; 8 or 9. If we take
(a; b; c; d; e) = (1 ; 3; 2; 4; 5), we get a + b + c = 6. Similarly, ( a; b; c; d; e) = (2 ; 1; 4; 3; 5)
givesa + b+ c = 7, For a + b+ c = 8, the only we we can get 1 + 3 + 4 = 8. Here we cannot
accommodate 2 and consecutiveness is lost. For 9, we can have (a; b; c; d; e) = (3 ; 2; 4; 5; 6)
and a + b+ c = 9.

5. Let ABC be a triangle with \ A = 90 � and AB < AC . Let AD be the altitude from A on
to BC . Let P; Q and I denote respectively the incentres of trianglesABD , ACD and ABC .
Prove that AI is perpendicular to PQ and AI = PQ.

Solution: Draw PS k BC and QS k AD .
Then PSQ is a right-angled triangle with
\ PSQ = 90 � . Observe that PS = r 1 + r 2

and SQ = r 2 � r 1, where r 1 and r 2 are the
inradii of triangles ABD and ACD , respec-
tively. We observe that triangles DAB and
DCA are similar to triangle ACB .



Hence

r 1 =
c
a

r; r 2 =
b
a

r;

where r is the inradius of triangle ABC . Thus we get

PS
SQ

=
r 2 + r 1

r 2 � r 1
=

b+ c
b� c

:

On the otherhand AD = h = bc=a. We also haveBE = ca=(b+ c) and

BD 2 = c2 � h2 = c2 �
b2c2

a2 =
c4

a2 :

HenceBD = c2=a. Therefore

DE = BE � BD =
ca

b+ c
�

c2

a
=

cb(b� c)
a(b+ c)

:

Thus we get
AD
DE

=
b+ c
b� c

=
PS
SQ

:

Since \ ADE = 90 � = \ PSQ, we conclude that 4 ADE � 4 PSQ. Since AD ? PS, it
follows that AE ? PQ.

We also observe that

PQ2 = PS2 + SQ2 = ( r 2 + r 1)2 + ( r 2 � r 1)2 = 2( r 2
1 + r 2

2):

However

r 2
1 + r 2

2 =
c2 + b2

a2 r 2 = r 2:

Hence PQ =
p

2r . We also observe thatAI = r cosec(A=2) = r cosec(45� ) =
p

2r . Thus
PQ = AI .

Solution 2: In the �gure, we have made the construction as mentioned in the hint. SinceP; Q
are the incentres of4 ABD; 4 ACD , DP; DQ are the internal angle bisectors of\ ADB; \ ADC
respectively. SinceAD is the altitude on the hypotenuse BC in 4 ABC , we have that
\ PDQ = 45 � + 45 � = 90 � . It also implies that

4 ABC � 4 DBA � 4 DAC

This implies that all corresponding length in the above mentioned triangles have the same
ratio.



In particular,

AI
BC

=
DP
AB

=
DQ
AC

=)
AI 2

BC 2 =
DP 2

AB 2 =
DQ 2

AC 2 =
DP 2 + DQ 2

AB 2 + AC 2

=)
AI 2

BC 2 =
PQ2

BC 2 ; by Pythagoras Theorem in 4 ABC; 4 PDQ

=) AI = PQ

as required.

For the second, part, we note that from the above relations, we have4 ABC � 4 DPQ. Let
us take \ ACB = � . Then, we get

\ PSD = 180� � (\ SPD + \ SDP )

= 180� � (90� � � + 45 � )

= 45 � + �

This gives us that

\ ARS = 180� � (\ ASR + \ SAR)

= 180� � (\ PSD + \ SAC � \ IAC )

= 180� � (45� + � + 90 � � � � 45� )

= 90 �

as required. Hence, we get thatAI = PQ and AI ? PQ.

Solution 3: We know that the angle bisector of \ B passes throughP; I which implies that
B; P; I are collinear. Similarly, C; Q; I are also collinear. SinceI is the incentre of 4 ABC ,
we know that

\ P IQ = \ BIC = 90 � +
\ A
2

= 135�



Join AP; AQ . We know that \ BAP = 1
2 \ BAD = 1

2 \ C. Also, \ ABP = 1
2 \ B . Hence by

Exterior Angle Theorem in 4 ABP , we get that

\ AP I = \ ABP + \ BAP =
1
2

(\ B + \ C) = 45 �

Similarly in 4 ADC , we get that \ AQI = 45 � . Also, we have

\ PAI = \ BAI � \ BAP = 45 � �
\ C
2

=
\ B
2

Similarly, we get \ QAI = \ C
2 .

Now applying Sine Rule in 4 AP I , we get

IP
sin \ PAI

=
AI

sin \ AP I
=) IP =

p
2AI sin

B
2

Similarly, applying Sine Rule in 4 AQI , we get

IQ
sin \ PAI

=
AI

sin \ AQI
=) IQ =

p
2AI sin

C
2

Applying Cosine Rule in 4 P IQ gives us that

PQ2 = IP 2 + IQ 2 � 2 � IP � IQ cos\ P IQ

= 2AI 2
�

sin2 B
2

+ sin 2 C
2

+
p

2 sin
B
2

sin
C
2

�

We will prove that
�
sin2 B

2 + sin 2 C
2 +

p
2 sin B

2 sin C
2

�
= 1

2 . In any 4 XY Z , we have that

X

cyc

sin2 X
2

= 1 � 2
Y

sin
X
2

Using this in 4 ABC , and using the fact that \ A = 90 � , we get

sin2 A
2

+ sin 2 B
2

+ sin 2 C
2

= 1 � 2 sin
A
2

sin
B
2

sin
C
2

=)
1
2

+ sin 2 B
2

+ sin 2 C
2

= 1 �
p

2 sin
B
2

sin
C
2

=)
�

sin2 B
2

+ sin 2 C
2

+
p

2 sin
B
2

sin
C
2

�
=

1
2

which was to be proved. Hence we getPQ = AI .

The second part of the problem can be obtained by angle-chasing as outlined in Solution 2.

Solution 4: Observe that \ APB = \ AQC = 135� . Thus \ AP I = \ AQI = 45 � (since
B � P � I and C � Q � I ). Note \ PAQ = 1=2\ A = 45 � . Let X = BI \ AQ and
Y = CI \ AP . Therefore \ AXP = 180 � \ AP I � \ PAQ = 90 � . Similarly \ AY Q = 90 � .
Hence I is the orthocentre of triangle PAQ. Therefore AI is perpendicular to PQ. Also
AI = 2RP AQ cos 45� = 2RP AQ sin 45� = PQ.



6. Let n � 1 be an integer and consider the sum

x =
X

k � 0

�
n
2k

�
2n � 2k 3k =

�
n
0

�
2n +

�
n
2

�
2n � 2 � 3 +

�
n
4

�
2n � 4 � 32 + � � � :

Show that 2x � 1; 2x; 2x + 1 form the sides of a triangle whose area and inradius are also
integers.

Solution: Consider the binomial expansion of (2 +
p

3)n . It is easy to check that

(2 +
p

3)n = x + y
p

3;

where y is also an integer. We also have

(2 �
p

3)n = x � y
p

3:

Multiplying these two relations, we obtain x2 � 3y2 = 1.

Since all the terms of the expansion of (2 +
p

3)n are positive, we see that

2x = (2 +
p

3)n + (2 �
p

3)n = 2
�

2n +
�

n
2

�
2n � 2 � 3 + � � �

�
� 4:

Thus x � 2. Hence 2x + 1 < 2x + (2 x � 1) and therefore 2x � 1; 2x; 2x + 1 are the sides of a
triangle. By Heron's formula we have

� 2 = 3x(x + 1)( x)(x � 1) = 3x2(x2 � 1) = 9x2y2:

Hence � = 3 xy which is an integer. Finally, its inradius is

area
perimeter

=
3xy
3x

= y;

which is also an integer.

Solution 2: We will �rst show that the numbers 2 xn � 1; 2xn ; 2xn + 1 form the sides of a
triangle. To show that, it su�ces to prove that 2 xn � 1 + 2xn > 2xn + 1. If possible, let
the converse hold. Then, we see that we must have 4xn � 1 � 2xn + 1, which implies that
xn � 1. But we see that even for the smallest value ofn = 1, we have that xn > 1. Hence,
the numbers are indeed sides of a triangle.

Let � n ; r n ; sn denote respectively, the area, inradius and semiperimeter of the triangle with
sides 2xn � 1; 2xn ; 2xn + 1. By Heron's Formula for the area of a triangle, we see that

� n =
p

3xn (xn � 1)xn (xn + 1) = xn

p
3(x2

n � 1)

If possible, let � n be an integer for all n 2 N. We see that due to the presence of the �rst
term

� n
0

�
2n , we have 36 jxn ; 8n 2 N. Hence, we get that 3jx2

n � 1. Hence, we can writex2
n � 1

as 3m for somem 2 N. Then, we can also write

� n = 3xn
p

m

Note that we have assumed that � n is an integer. Hence, we see that we must havem to be
a perfect square. Consequently, we get that

r n =
� n

sn
=

� n

3xn
=

p
m 2 Z



Hence, it only remains to show that � n 2 Z; 8n 2 N. In other words, it su�ces to show
that 3( x2

n � 1) is a perfect square for alln 2 N.

We see that we can writexn as

xn =
1
2

0

@2
X

k � 0

�
n
2k

�
2n � 2k 3k

1

A

=
1
2

�
(2 +

p
3)n + (2 �

p
3)n

�

3x2
n � 3 =

3
4

�
(2 +

p
3)2n + (2 �

p
3)2n + 2(2 +

p
3)n (2 �

p
3)n

�
� 3

=
3
4

�
(2 +

p
3)2n + (2 �

p
3)2n � 2(2 +

p
3)n (2 �

p
3)n

�

=

 p
3

2

�
(2 +

p
3)n � (2 �

p
3)n

�
! 2

We are left to show that the quantity obtained in the above equation is an integer. But we
see that if we de�ne

an =

p
3

2

�
(2 +

p
3)n � (2 �

p
3)n

�
; 8n 2 N

the sequencehak i 1
k=1 thus obtained is exactly the solution for the recursion given by

an +2 = 4an +1 � an ; 8n 2 N; a1 = 3 ; a2 = 12

Hence, clearly, eachan is obviously an integer, thus completing the proof.
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